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Abstract

We study a common-value auction in which a large number of identical,
indivisible objects are sold to a large number of ex-ante identical bidders
with unit demand. Bidders are initially uninformed but can acquire infor-
mation from multiple sources that differ in accuracy and cost. We define
a cost-accuracy ratio for each available source of information. The mini-
mum value of this cost-accuracy ratio among all information sources fully
determines the limit price distribution and the information content of the
auction’s price. Information is aggregated if and only if the minimum cost-
accuracy ratio is equal to zero. We also characterize all equilibria of the
auction for posterior separable information costs with a sufficiently rich set
of experiments. In this case, information is aggregated if and only if the cost
function is differentiable at the prior.
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1. INTRODUCTION

Trust in markets is partially predicated on the belief that competitive prices
summarize all available information (Fama (1970)). However, theoretical support
for this belief is equivocal. On the one hand, past work shows that the price in
a competitive market or a large common-value auction fully reveals an unknown
state of the world if sufficient information is dispersed among bidders.! On the
other hand, past work also shows that markets that aggregate dispersed infor-
mation provide no incentive for agents to invest in information (see Grossman
and Stiglitz (1980), Matthews (1984), Pesendorfer and Swinkels (2000), and Jack-
son (2003)). Therefore, the informativeness of market prices depends on how the
tension between information acquisition and information aggregation resolves. In
this paper, we study the equilibrium resolution of this tension in a common-value
auction where bidders can acquire costly information from multiple sources. We
provide answers to the following questions: What is the accuracy of the infor-
mation chosen by each bidder? How much information is acquired in aggregate?
How much of this information is reflected in the auction price, that is, does the
auction price aggregate information? How does the information content of the
auction price change as the set of information sources and the cost of acquiring
information vary?

In the model that we analyze, n players, each with unit demand, simultane-
ously bid on k identical, indivisible objects that are on sale through a uniform-price
auction. The unknown value of the object V' € {vg,v1} (or the state) is the same
for all of the bidders. This value is either equal to zero or one and both outcomes
are equally likely. Before participating in the auction, each bidder can acquire
information about the object on sale by choosing an information source (experi-
ment) F from the set of available information sources at a cost equal to C(F') > 0.
Following the literature on information design, we model each experiment as a
distribution over posteriors that satisfies Bayesian plausibility (see Kamenica and
Gentzkow (2009)). More precisely, a bidder who chooses experiment F' draws a
type 6 € [0, 1] from the distribution function F' and this type is her posterior belief
that the object’s value is equal to one.

We begin our analysis by focusing on the accuracy of the information acquired
by each bidder in a symmetric equilibrium. We define the accuracy of an ex-
periment, A(F'), as the probability of correct optimism minus the probability of

incorrect optimism, or more precisely, A(F') is given by the difference between the

1See Grossman and Stiglitz (1976), Wilson (1977), Radner (1979), Milgrom (1979), and
Pesendorfer and Swinkels (1997).



probability that a bidder draws a posterior that exceeds her prior in state vy, i.e.,
1 — F(1/2|v1), and the same probability in state vy. In a key result, we show
that the incentive to acquire accurate information is determined by the extent to
which the price diverges from value. More specifically, the payoff from choosing

any experiment F' converges to
Accuracy of experiment F' x Divergence of price from value,

where the divergence of price from value is given by >, 1y [vi — E[P|v;]| /4 and
E[P|v;] denotes the expected price in state v;. Hence, the value of information
is asymptotically linear in its accuracy, and the marginal value of accuracy is
equal to the divergence of price from value. In equilibrium, each bidder chooses
an information source with strictly positive accuracy unless the marginal cost of
accuracy is prohibitively high. However, the accuracy of the experiment chosen
converges to zero as the market grows large. This is because otherwise, the auction
price would converge to value (see Pesendorfer and Swinkels (1997) or Atakan and
Ekmekei (2021)), leaving no incentive to acquire information. In equilibrium,
each bidder chooses the accuracy of her information optimally by equating the
marginal value of accuracy (i.e., divergence of price from value) with the marginal
cost of accuracy. Therefore, the divergence of price from value is determined by
the marginal cost of accuracy evaluated at zero as the auction grows large. In
fact, we show that the marginal cost of accuracy at zero is equal to the infimum of
C(F)/A(F) taken over the set of all information sources (the cost-accuracy ratio).
Hence, the divergence of price from value converges to the cost-accuracy ratio as
the auction grows large.

In our main result (Theorem 1), we turn to whether the auction price aggre-
gates information or more precisely, whether an outsider can perfectly identify the
unknown state by only observing the auction price as the auction grows large.
We show that bidders acquire a sufficient amount of information in aggregate to
identify the state and the auction price perfectly aggregates this information if
the cost-accuracy ratio is equal to zero. The argument for this result relies on
our finding that the divergence of price from value converges to the cost-accuracy
ratio. Information is aggregated because the divergence of price from value con-
verges to zero if the cost-accuracy ratio is equal to zero. If, on the other hand, the
cost-accuracy ratio is greater than zero, then the auction price does not aggregate
information. For this case, we use the central limit theorem to derive the limit

price distribution, and we show that the cost-accuracy ratio uniquely determines



the limit price distribution. We use the price distribution to argue that 1) An out-
side observer could identify the state if she observed the realized bid distribution,
in other words, bidders acquire a sufficient amount of information to identify the
state, 2) The equilibrium price does not reveal the state but is nevertheless an
informative signal about the state, 3) The informativeness of the auction price is
(Blackwell (1953)) decreasing in the cost-accuracy ratio.

Our equilibrium characterization provides further insight into how information
aggregates and how it fails. Theorem 1 implies that information aggregation
fails if there are only finitely many information sources.? In this case, bidders
acquire information from the source with the smallest cost-accuracy ratio with
probability ¢ > 0 and remain uninformed with the remaining probability for all
sufficiently large n. As the market grows large, the accuracy of the information
that any informed bidder has remains constant, the fraction of bidders who are
informed converges zero, but the expected number of informed bidders converges
to infinity. The equilibrium amount of noise generated by uninformed bids hinders
information aggregation just enough to incentivize bidders to acquire information
from the source with the smallest cost-accuracy ratio.

Information aggregation can also fail with infinitely many information sources.
We focus on this case by assuming that the set of experiments includes all distri-
bution functions over some non-empty interval. To provide a precise description of
equilibrium behavior, we further assume that the cost of information is posterior-
separable, that is, C(F) = [ ¢(0)DF (f) for some convex function ¢.* Under these
assumptions, we show that the price aggregates information if and only if the func-
tion ¢ is differentiable at the prior (§ = 1/2) and we characterize the equilibrium
type distribution through a differential equation. Our characterization shows that
the support of the equilibrium type distribution is an interval (i.e., the set of types
is infinite) and the type distribution is atomless at 6 if and only if ¢(f) is not dif-
ferentiable at #. Hence, the type distribution features an atom at the prior if and
only if information aggregation fails. Several qualitative insights follow from these
findings: All bidders acquire accurate information, but the accuracy of this infor-
mation converges to zero along equilibrium sequences that aggregate information.
In contrast, a vanishing fraction of bidders acquire relatively accurate informa-
tion while all others remain uninformed along equilibrium sequences that fail to

aggregate information. As is the case with finitely many information sources, the

2This is because the cost-accuracy ratio is positive with finitely many sources.

3There is a large literature that studies how to model the cost of information and in particular
posterior separable cost of information. See, for example, Sims (2003; 2010), Caplin et al. (2022),
Denti (2022), and Pomatto et al. (2020).



equilibrium amount of noise generated by uninformed bids incentivizes bidders to

acquire information.

1.1. Related literature. Our paper is closely related to past work that studies
information aggregation in common-value auctions. Prominently, Wilson (1977),
Milgrom (1979), and Pesendorfer and Swinkels (1997) study auctions where all
bidders draw costless signals from the same distribution. Wilson (1977)and Mil-
grom (1979) show that the price aggregates information as the number of bidders
grows large in an auction for a single object if there are arbitrarily precise signals.
The paper most closely related to ours, Pesendorfer and Swinkels (1997), further
shows that information is aggregated under minimal assumptions on the signal
distribution if the number of objects and the number of losers in an auction both
converge to infinity. However, past work also demonstrates that these results are
sensitive to introducing information costs. In particular, Matthews (1984) and
Pesendorfer and Swinkels (2000) argue, through examples, that information ag-
gregation can fail with costly information for reasons similar to Grossman and
Stiglitz (1980). Jackson (2003) further shows that this is a general phenomenon
if agents have access to only a single costly source of information. In contrast to
these papers, we allow agents to acquire costly information flexibly from a rich
set of experiments. We show that information is aggregated under mild condi-
tions on the cost of information (posterior separability and smoothness) if the set
of experiments is sufficiently rich. Moreover, we provide a necessary and suffi-
cient condition for information aggregation and quantify the information content
of price when information is not aggregated.

Past work by Persico (2000), Bobkova (2021), and Kim and Koh (2022) also
study flexible information acquisition in auctions. Kim and Koh (2022) character-
izes the unique equilibrium in a first-price auction for a single object where bidders
have independent private values. Persico (2000) and Bobkova (2021) compare the
incentives to acquire information in first and second-price auctions for a single
object. In contrast, our main focus is on information aggregation in uniform-price
auctions, and our equilibrium characterization differs from Kim and Koh (2022)
since we study an auction where multiple common-value objects are on sale.*

The paper is organized as follows: Section 2 formally introduces our model;

Section 3.1 presents our necessary and sufficient condition for information aggre-

4Costly information acquisition has been studied in a other areas of economics also. See, for
example, Bergemann and Valimaki (2002), Crémer et al. (2009), Shi (2012) and Bikhchandani
and Obara (2017) in mechanism design, Martinelli (2006) and Gerardi and Yariv (2008) in
voting, Crémer and Khalil (1992) and Szalay (2009) in principal-agent-settings, Ekmekci and
Kos (2020) in signaling games, and Ravid et al. (2022) in bilateral trade.
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gation and derives the limit price distribution when information is not aggregated;
Section 3.2 characterizes equilibrium behavior when the cost of information is pos-
terior separable, Section 3.3 generalizes some of the findings presented in Section
3.2 to more general cost functions, and Section 4 concludes.

2. THE MODEL

o0

| 1> Where each auction

We study a sequence of common-value auctions, {I'""}
has n bidders and |xn| identical objects with k € (0,1).> The object’s value is
a random variable V' drawn from the set {vg,v1}. Each bidder has unit demand
and puts value V' on a single object and value 0 on any further objects. The value
V' (or the state) is common across players but is unknown. The utility of a bidder
who wins a good at price P equals V — P. We set vy = 0 and v, = 1, for simplicity.

Bidders are uninformed about the state and share a common prior equal to
1/2. However, each bidder can purchase information pertaining to the state at a
cost. Bidders have access to a family of experiments F C A[0, 1]. Each experiment
F € F is a probability distribution over posterior beliefs § = Pr{V = v;} that

satisfies Bayesian plausibility, that is, [, ,6dF(0) = 1/2.° We denote the cost of

0,1
experiment F' by C(F). |

In the auction I'”, each bidder privately chooses an experiment F' € F and
privately observes her type (posterior) 6 € ©. All bidders simultaneously bid in
the auction after observing their private types. The |xn| highest bidders receive
an object and pay a uniform price P™ which equals the [xkn] + 1st highest bid.
We denote by Y"(k + 1) the random variable that represents the k 4 1st highest

bid in the auction. Hence, the auction price P"* = Y"(|kn| + 1).

2.1. Strategies, Payoffs, and Equilibrium. An experimentation strategy
for player 7 is a probability measure u; € A (F). Each experimentation strat-
egy p induces a distribution over types F(0; ) := [ F(6)du at a cost equal to
C(p) == [ C(F)dp. The bidding behavior of player i is represented by a distribu-
tional strategy H; € A (O x [0,00)). The distribution strategy H; is a probability
measure over type and bid pairs (6,b) € © x [0,00) (see Milgrom and Weber
(1985)) that satisfies H;([0,0],[0,00)) = F(0; u;).” We say that the bid distribu-
tion is monotone if b € supp H(f) implies that b > b for any ' € supp H;(¢)

°The largest integer not greater than z is denoted by |x].

6Note that in our formulation instead of working with a signal we work directly with the
posteriors generated by a signal.

"Note that we do not allow bidder 3 to condition her bidding strategy on the realization of the
experiment in the support of ;. This is without loss of generality because other bidders do not
observe the experiment chosen by bidder i. Hence, allowing for H; to depend on the realization
would not change the set of equilibrium outcomes.



and 0 < 0. A symmetric strategy profile is one in which all players use the same
experimentation strategy p and the same bidding strategy H. We refer to a sym-
metric strategy profile by (u, H). We focus on Nash equilibria of the game I where
each player uses a symmetric strategy (u, H). We call a subsequence of symmetric
equilibria {7, H/}>Z, of the auctions {T"}>2 an equilibrium sequence.

We represent by Pr¥ the joint probability distribution induced by the sym-
metric strategy H over states of the world, signal and bid distributions, alloca-
tions, and prices. We denote the payoff from submitting a bid equal to b in state
v;, given that all others bidders follow symmetric strategy (u, H), by u® (b, v;).
Similarly, the expected payoff from a mixed bidding strategy ¢ € A([0,1]) in
state v; is u!? (0,v;) 1= fu (b,v;)do (b), and the expected payoff of type 0 from
bidding according to o € A ([0,1]) is u”(c,0) := Oufl (o, v1) + (1 — 0) uf (0, vp).
To simplify notation, when (i, H) is an equilibrium, we use u instead of u*! for
the equilibrium payoff when suppressing the superscript leads to no ambiguity.
Finally, we denote the expected equilibrium payoff for a bidder by U(u, H) :=
o ! (FL(0), 0)dF (6. ) — C (1)

2.2. Information Aggregation and the Information Content of Prices.
Information is aggregated in the auction if the auction’s equilibrium price con-
veys precise information about the state of the world to an outsider who only
observes the price. Suppose that the random variable P™ describes the price in
an auction where bidders behave according to strategy (u", H"). Note that, (i) if
Pr(V = v |P™ = p) is arbitrarily close to zero for large n, then an outsider who
observes price p learns that the state is vg. Similarly, (ii) if Pr (v,|P™ = p) is arbi-
trarily close to one, then an outsider who observes price p learns that the state is
v1. The auction aggregates information if the probability of observing a price sat-
isfying either (i) or (ii) is arbitrarily close to one along any equilibrium sequence.
Atakan and Ekmekei (2021) showed that information aggregates along any equi-
librium sequence if and only if the equilibrium price P™ converges in probability
to V. In light of this result, we use price converging to value and information

aggregation interchangeably.

Definition 1 (Information Aggregation). We say that information is aggregated
if P* — V in probability across every equilibrium sequence and information aggre-

gation fails if there is no equilibrium sequence along which P* — V' in probability.

The distribution of an outsider’s posterior upon observing the auction price,
that is, the distribution of the random variable Pr (v;|P), quantifies the informa-

tion content of the auction price. In cases where information is not aggregated, we



use the following definition to rank price distributions in terms of informativeness.

Definition 2 (Blackwell Monotonicity). For any collection of random variables
(or prices) P(x) indexed by a parameter z € [0,Z], we say that the Blackwell
(1953) informativeness of the auction price is increasing in z if 2’ > x implies that
Pr (vy|P(x)) is a mean preserving spread of Pr (v|P(z')), that is, if the distribution
over posteriors induced by observing P(z) is a mean preserving spread of the

distribution of posteriors induced by observing P(z’).

2.3. The Family of Experiments. Recall that any experiment F' € F is a
distribution over posteriors that satisfies Bayesian plausibility. If ' € F has a
density, then we denote it by f, and Bayes’ rule implies that f(0|v,) = 20 f(6) and
f(Blvg) = 2(1 —0) f(#). Throughout the paper, we assume that all the experi-
ments in F are independent conditional on the state, and if two bidders choose
the same experiment F', then they draw types that are independent conditional
on the state. Moreover, we make the following two assumptions on the cost of
information: 1) An uninformative experiment F*° that puts all of its mass on be-
lief § = 1/2 is available for free, and 2) Information is costly, that is, if F' # F°,
then C'(F) > 0. The first assumption allows each bidder to bid in the auction
at no cost. The second assumption is natural in our context since our goal is to
understand whether the auction can incentivize bidders to acquire costly infor-
mation while simultaneously aggregating this information. If this assumption is
not satisfied, then the analysis of Pesendorfer and Swinkels (1997) or Theorem 1
(presented further below) implies that information is aggregated. To ensure that
an equilibrium exists, we assume that the set of experiments F is compact and
the information cost function is continuous in the weak* topology.

The cost-accuracy ratio for a particular experiment F' € F \ {F°} is given by
CAp :=C(F)/A(F),

where A(F) = F(1/2]vy) — F (1/2]vy) and F (1/2|v;) == 1 — F(1/2]v;).8 We

define the cost-accuracy ratio
CA = iIlf]:\{Fo} OAF

as the smallest such ratio.

8Note that this ratio is not defined for the uninformative experiment F° as both the numerator
and the denominator is equal to zero.



In the next section, we will provide more intuition for why we focus on this
particular notion of accuracy. Below we give an economic interpretation of the
cost-accuracy ratio by showing that it is equal to the marginal cost of accuracy

evaluated at zero. Define the cost of accuracy as

C(a) := min {C(u): F(1/2|vi;p) — F (1/2]vg; ) > a}
HEA(F)

and the marginal cost of accuracy at zero as C’ (0) := lim inf,_, C'(a)/a. Note that

¢’ (0) > CA because C(a)/a > CA for each a > 0. We now argue that C’ (0) =

C'A. There are two cases to consider: There is an experiment F* € F\ {F°} such

that CA = C'Ap~. In this case, for each a < A (F*) we have

Cla) _ C(F") _ uC(F*) + (1 — ) C(F?)

o« T AF) AR 1 (1 p) A(F)

where p = a/A (F*). Therefore, C’ (0) = CA. Alternatively, there is no such ex-
periment. In this case, CA = liminfp_, go CAp. However, CAp > C (A (F)) JA(F)
for each experiment F. Therefore, liminfp_,po CAp = C' (0).

3. MAIN RESULTS

3.1. Information Content of Prices. In this subsection, we first show that
the auction aggregates information if and only if the cost-accuracy ratio is equal
to zero (Theorem 1). We then turn to the cases where information is not aggre-
gated. For this case, we show that the cost-accuracy ratio fully determines the
information content of the auction price and the limit price distribution (Theorem
2). Moreover, the information content of the auction price is Blackwell decreasing
in the cost-accuracy ratio.

We begin with several lemmata that describe equilibrium behavior in the
auction. The game that ensues after bidders acquire information is a standard
common-value auction with a unique symmetric equilibrium (see Pesendorfer and
Swinkels (1997)). In this equilibrium, all players submit a bid equal to 1/2 if the
uninformative experiment is chosen, that is, if F'(u) = F°. On the other hand,
if an informative experiment is chosen, then bidding is monotone, atomless, and
involves each player bidding their expected value conditional on the event that
they win an object at a price equal to their bid. The following lemma summarizes
these findings, and further argues that bidders purchase information if the cost of

information is not prohibitively high.

Lemma 1. If CA < 1/4, then F(u) # F°, the bid distribution H is monotone,



atomless, and for any type 6 and bid b € supp H(6) we have
b=E[V[Y"([xn]) =b,0; = 0)]

in any symmetric equilibrium (u, H) of T™.

Proof. We first argue that F'(u) # F° when CA < 1/4. Assume to the contrary
that F'(u™) = F°. Then all players would bid 1/2 and receive an expected payoff
equal to zero in the unique symmetric equilibrium of the auction. The following
strategy is a profitable deviation: Pick experiment F' such that CAp < 1/4, bid 1
if @ > 1/2, and bid 0 if § < 1/2. This strategy delivers the following payoff:

F(1/2 F(1/2
FQ/2le) /2|”1) (1-1/2) | F/2lv) /2\110) (0-1/2) —C(F) =
—— ——
Payoff in state vy Payoff in state vg

F(1/2]v1) — F(1/2]vo)

—C(F)>0

4
where the strict inequality follows from CAp = C(F)/ (F(1/2[v1) — F(1/2[vg)) <
1/4.

The equilibrium type distribution F'(u™) # Fy satisfies weak MLRP. Therefore,
the bid distribution is atomless, and bidding is monotone by Pesendorfer and
Swinkels (1997), Lemma 6. Pesendorfer and Swinkels (1997), Theorem 1 further
implies that any bid b € supp H"() satisfies b = E[V|[Y" !(|skn]) = b,0;, =
0)]. O

The previous lemma showed that bidders acquire information. Below we fur-
ther argue that the accuracy of this information converges to zero as the auction

grows arbitrarily large.
Lemma 2. Along any equilibrium sequence F'(u™) converges in distribution to F°.

The intuition is as follows: if F(u™) converges to a distribution other than
F*°, then the cost of information C'(u") converges to a positive constant, and the
auction price converges to value (see for example, Atakan and Ekmekei (2021),
Lemma 2.2). However, if the price converges to value, then no bidder would be
willing to bear a positive cost of information as the value from winning an object
in the auction converges to zero. Lemma 2 highlights the main tension in the
model: the auction price can only incentivize a small investment in information

as the market grows large.



We now link equilibrium behavior to the equilibrium price by deriving the
expected equilibrium prices in the two states. In the lemma presented below, we
show that the expected profit in state v; converges to the expected loss in state

Vo as the market grows arbitrarily large.

Lemma 3. Along any equilibrium sequence, the expected payoff of each bidder

converges to zero, and we have 1 — imE [P"|v1] = Him E [P"|vy] .

The reasoning for Lemma 3 is as follows: Lemma 2 implies that almost all
bidders are approximately uninformed, that is, almost all bidders draw a type ar-
bitrarily close to 1/2. Since almost all the bidders are asymptotically uninformed,
there is an uninformed bid that wins with probability converging to one, and the
payoff to this bid converges to (1 — limE [P"|v1]) /2 — im E [P™|vo] /2. Similarly,
there is an uninformed bid that loses with probability converging to one, and the
payoff to this bid converges to zero. Since an uninformed type must be indifferent
between these two bids, we find that 1 — lim E [P"|v;] = lim E [P™|uv] .

In the next lemma, we argue that the cost-accuracy ratio determines the ex-

pected loss in state vy and, therefore, the expected profit in state v.

Lemma 4. If CA < 1/4, then 1 — imE [P"|v;] = 2CA along any equilibrium

sequence.

We first provide some intuition for the measure of accuracy that we use. We
then explain the argument for Lemma 4. Consider a bidder that chooses experi-
ment F' and bids according to her equilibrium strategy. This bidder draws a type
6 > 1/2 with probability F' ({8 > 1/2} |v;) in state v; and wins with probability
converging to one. This is because bidding is monotone in 6, and almost all bid-
ders are asymptotically uninformed. A similar logic implies that the bidder loses
with probability converging to one if she draws a type § < 1/2. Therefore, the
payoff of this bidder converges to

F (1/2|v1)
2

F'(1/2vo)

(1 —HmE [P"|v]) — lim E [P"|ve] — C(F).

Rewriting the equation displayed above by using the fact that the expected profit

in state v; equals the expected loss in state vy we obtain the following expression,

1, _ , i
3 (F(1/2v1) = F (1/2v)) (1 =UmE[P"|n)]) —C(F). (3.1)
Accur;gy of F Divergence of ;),rice from value

10



Therefore, the limit payoff to choosing experiment F' only depends on the exper-
iment’s accuracy A(F') and the experiment’s cost. Moreover, the marginal value
of accuracy equals the divergence of price from value.

We now turn to the argument for Lemma 4. Lemma 3 argued that the equi-
librium payoff of any bidder converges to zero, or equivalently, the limit payoff to
choosing any experiment F' € F is at most zero. Therefore, 1 — limE [P"|v;] <
2C Af for each F # F°. Lemma 1 showed that bidders acquire information if
CA < 1/4, that is, C' (F (™)) > 0 for each n. We complete the argument for
Lemma 4 by showing that 1 —limE [P"|v;] > 2C'A. The intuition is easier to con-
vey if the set of experiments is finite: If 1 — limE [P"|v;] < 2C'A, then the payoff
from choosing any experiment F' # F° and therefore the payoff to any experiment
F # F* in the support of u” is negative for sufficiently large n. However, since
the set of experiments is finite and F(u™) # F° for each n, the expected payoff
of a bidder is negative for all sufficiently large n, leading to a contradiction. The
formal argument is more involved because it also considers the case where the set
of experiments is infinite, and the accuracy of the experiments in the support of
1" converge to zero as n grows large.

We present our main theorem below.

Theorem 1. The auction T™ has a symmetric equilibrium (u", H™) for each n.

Information is aggregated if and only if CA = 0.

Proof. The proof of equilibrium existence is in the appendix. If CA = 0, then
Lemma 4 implies that imE [P"|v;] = 1 and limE [P"|vs] = 0. Therefore, P"
converges in probability to V' and information is aggregated. If CA € (0,1/4),
then Lemma 4 implies that lim E [P"|V] # V, therefore P" does not converge
in probability to V' and thus information is not aggregated. The remaining case
involves CA > 1/4. The proof Theorem 2 in the appendix shows that the price
converges to 1/2 in both states, i.e., the price is uninformative, if CA > 1/4. O

We can convey the main implications of this theorem by looking at two distinct
cases.

Case 1: The cost-accuracy ratio is equal to CAp« for some F* # F°. For
instance, if there are a finite number of experiments in F, then CA = CAp-.
In this case, information is not aggregated because C'Ap- > 0. Therefore, a
sufficiently rich set of experiments is necessary for information aggregation.

Lemma 4 also provides insights about equilibrium behavior with finitely many
experiments. The equilibrium experimentation strategy entails mixing between

experiment F* and the uninformative experiment for all sufficiently large n. This

11



is because Lemma 4 and Equation (3.1) together imply that the limit payoff from
choosing any experiment other than F* is negative.

Case 2: There is an infinite number of experiments in F, but there is no
F € F\{F°} with CA = CAp. This implies that CA = liminfr_,po CAp. In this
case, information is aggregated if and only if liminfp_, po CAr = 0. In other words,
the behavior of the cost-accuracy ratio around the uninformative experiment (or
equivalently, the marginal cost of accuracy evaluated at zero) determines whether
information is aggregated if the set of experiments is sufficiently rich. We provide
a detailed analysis of equilibrium behavior for this case in Section 3.2.

We now turn our attention to quantifying the information content of the price
when information is not aggregated. Recall that the information content of the
price is given by the distribution of an outsider’s posterior upon observing the
equilibrium price. Below we show that the distribution of the outsider’s posterior

and the distribution of the equilibrium price coincide at the limit.

Lemma 5. If the price P" converges in distribution to a random variable P along

an equilibrium sequence, then the posterior Pr{vi|P™} converges in distribution to

P also.

This lemma implies that we can simply concentrate on the price distribution
when studying the information content of the auction price. The intuition is
as follows: In equilibrium, a type 6 bidder submits a bid equal to her posterior
conditional on the event that she wins an object at a price equal to her bid, that is,
b=Pr{v|b=Y""1(|kn]),0}. The posterior of an outsider upon observing a price
equal to b is given by Pr{v;|b =Y"(|kn] 4+ 1)}. Comparing the two posteriors,
we find that they differ by the bidder’s type 6 and the information that the bidder
won at a price equal to her bid, which appears as a one person difference in
the order statistic calculation. As uninformed bidders set the price, the bidder’s
type adds no information at the limit. Moreover, the one-person difference in the
order statistic calculation also disappears as n grows large. In other words, the
information a bidder uses in determining her bid is the same as the information
an outsider obtains from observing a price that equals this bid.

In order to present our result, we introduce some definitions. For any sequence

of experimentation strategies u", define

A = lim ﬁ (F(1/2]V = 1;4") — F(1/2|V = 0;)),  (3.2)

whenever this limit exists. Recall that F(1/2|V = 1, ") — F(1/2|V = 0; u") is the
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accuracy of the experiment chosen by each bidder in equilibrium. The constant A
is an aggregate measure of the accuracy of the information available in the market,
asymptotically. For any p € (0,1), A >0, and V' € {0, 1} let

" [ﬁ} LAz

A = :
A V) = — . (33)
Let A*(C'A) denote the unique solution (if one exists) to the equation
| v (cr.8,0) =204 (3.4)
[0,1]

where the integral is taken with respect to p and & is the standard normal cumu-

lative distribution function.

Theorem 2. The equilibrium price P"™ converges in distribution to a random

variable P along any sequence of equilibria.
i. If CA>1/4, then P =1/2 and the price is uninformative.

i. If CA e (0,1/4), then Pr{P < p|V} = @ (C (p,A*(CA),V)) for all p € [0,1]

and the Blackwell informativeness of the price is decreasing in C'A.

Theorem 1 and 2 together fully characterize the limit price distribution. Theo-
rem 1 already covered the case where C'A = 0. Theorem 2 provides a closed-form
solution for the limit price distribution if C'A < 1/4 and shows that the price is
uninformative if CA > 1/4.

Lemma 5 implies that the posterior log-likelihood ratio of an outsider that
observes the price is given by In[P/(1 — P)]. Focusing on the distribution of
the posterior log-likelihood ratio instead of the price distribution makes it easier
to interpret Theorem 2. A change of variable calculation implies that the log-
likelihood ratio In[P/ (1 — P)] has a normal distribution with means A?/2 and
—A?%/2 in states 1 and 0, respectively, and has standard deviations equal to A in
both states.

The constant A, defined in Equation (3.2), measures the aggregate accuracy
of the information dispersed among bidders. If A = oo, then the information dis-
persed among the bidders is highly accurate, and the equilibrium price aggregates
information. Theorem 1 showed that this occurs if and only if CA = 0. Con-
versely, if A = 0, then the aggregate accuracy of the information in the market

is low, and the equilibrium price equals 1/2, that is, the price is uninformative.

13



Theorem 2 further argues that this occurs if and only if CA > 1/4. For interme-
diate values of A (i.e., A € (0,00)) the informativeness of price is increasing in
A. To see this, note that the difference in the means of the log-likelihood ratios
across the two states is given by A? while the standard deviation is equal to A.
Therefore, increasing A increases the distance between the two means measured
in standard deviations, i.e., the price becomes more informative.

For each value of A, the expected price in state 0 is given by f[o,l] pd® ({(p, A,0)).
The equilibrium value for A must satisfy E[P|V = 0;A] = 2C A by Lemma 4.
Therefore, the equilibrium value for A, which we denote as A*(C'A), is deter-
mined by Equation (3.4). In the proof of Theorem 2, we show that the expected
price in state 0, given on the left hand side of Equation (3.4), is decreasing in
A. The expected price is equal to 0 and 1/2, if A = co and A = 0, respectively.
Therefore, the equation has a unique solution if the cost-accuracy ratio is no more
than 1/4, and this solution is decreasing in the cost-accuracy ratio. As the aggre-
gate accuracy of the information in the market as measured by A is decreasing in
the cost-accuracy ratio, the informativeness of the auction price is also decreasing
in the cost-accuracy ratio.

The functional form of the limit price distribution is a consequence of a version
of the central limit theorem, and the intuition is as follows: In state 1, the auction
clears at the xth quantile of the bid distribution with probability converging to
one by the law of large numbers. Consider a bid p whose quantile is z standard
deviations away from the xth quantile of the bid distribution in state 1, where
the standard deviation is given by /(1 — #)x/n. This bid is z + A standard
deviations away from the xth quantile of the bid distribution in state 0. Moreover,
the central limit theorem implies that the posterior likelihood ratio after observing
a price equal to p is given by ¢(2)/¢ (z + A). Therefore, In (p(2)/ (1 — p(2))) =
In(¢(z)/é(z+ A)) = Az — A/2. The limit price distribution is then obtained by
observing that the limit price is less than or equal to p(z) with probability ®(z)
and ®(z + A) in states 1 and 0, respectively.

3.2. Equilibrium Characterization with Posterior Separable Informa-
tion Costs. In this subsection, we assume that the set of experiments is suf-
ficiently rich, and the cost of information is posterior separable. We show that
information aggregates if and only if the cost function is differentiable at the prior
(Corollary 1) and we derive the equilibrium type distribution for each n (Theorem
3). The type distribution presented in this subsection together with the equilib-
rium bidding strategies presented in Lemma 1 provide a complete characterization

of equilibrium behavior.
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We begin by formally stating our two assumptions.

Definition 3. The set of experiments is rich if there exists ¢ < 1/2 and §” > 1/2
such that any Bayesian plausible F' € A [#',0"] is an element of F.

Note that richness does not require F to contain particularly informative ex-
periments. Rather, richness requires that if a particular experiment is available,
all less informative experiments are also available. In other words, bidders can

flexibly choose the accuracy of their information.

Definition 4. The cost function C' : 7 — R, is posterior separable if
C(F) = / c(0)dF(0)
[0,1]

for each F' € F where c: [0,1] — R is a convex function. We say that a posterior

separable cost function is differentiable if ¢ is differentiable.”

Posterior separable cost functions include the mutual information cost function
(see Sims (2003; 2010)), log-likelihood ratio information cost function (see Pomatto
et al. (2020)), and the quadratic information cost function (see Example 1 further
below). A posterior separable cost function satisfies two key properties that we
use in our arguments: 1) It is convex, 2) It is Blackwell monotone, that is, if
experiment F' is Blackwell more informative than experiment F’, then F' costs
more than F’. The cost function C' is Blackwell monotone because ¢ is convex.

In the following lemma, we compute the cost-accuracy ratio. In the statement
of the lemma, we denote the left and right derivatives of a convex function c :
[0,1] = R by ¢_(#) and ¢, (6), respectively.'

Lemma 6. If the set of experiments is rich and the cost function is posterior

separable, then CA = (d (1/2) — ¢_(1/2)) /4.

Proof. Consider a symmetric binary experiment that generates posteriors ¢ > 1/2
and 1 — g with equal probability. The cost-accuracy ratio of this experiment is

given by

CA - c(g9)/2+c(l —q)/2

! 29 —1

9Note that this is not the usual definition of differentiability (e.g. Frechet or Gateaux differ-
entiability) for the functional C': A0, 1] — R.
10These directional derivatives exist since c is convex.
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Richness implies that all symmetric binary experiments with ¢ < 6” and 1—¢q > ¢’

are in F. Therefore,

OA< i C@/2+cl-q)/2 . ¢ (1/2) - (1/2)
T g—1/2 29 —1 g—1/2 4 .

For any F' € F, we have

Sio c(O)dF (0
F(1/2v1) = F(1/2vo)
N 2o -1/2)¢ (1/2)dF + ff/2 —1/2)¢, (1/2) dF(6)
- [} 204F (0) = [}, 2(1 — 0) dF6

CAp =

where the inequality follows because ¢ is convex. Moreover, Bayesian plausibility
implies f01/2 (0 —1/2)dF(0) + f11/2 (0 —1/2)dF(0) = 0. Therefore,

(¢ (1/2) = - 1/2 ) fip (0= 1/2)dF©0) ¢, (1/2) = (1/2)

CAp > -
" Jlp4(6—1/2)dF6 1

Since this is true for each F' we have CA > (¢, (1/2) — ¢_(1/2)) /4. O

Corollary 1. Assume that the set of experiments is rich and the cost function is
posterior separable. Information is aggregated if and only if the cost function is
differentiable at 6 = 1/2.

Proof. Lemma 6 showed that 4CA = ¢/, (1/2)—c_ (1/2) and therefore information
is aggregated if and only if ¢/, (1/2) = ¢’ (1/2) by Theorem 1. O

We now introduce some notation that we need to present our equilibrium

characterization. Let

G(0]v1)

M) = G + (1 - G

where

6o = ("7 (2 )70 (= P Rt

Kn|

The function b(0) is the unique bid that type ¢ submits if the type distribution
F is atomless, and G(0|v;) is the density of the |xn]th highest out of n signals in

state v;.
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Theorem 3. Assume that F is rich, the cost function is posterior separable, and
the function c is strictly convez. In any symmetric equilibrium (u, H), the support
of the type distribution F' is an interval [Q, ﬂ and the type distribution features an
atom at 0 € (Q, é) if and only if the function c is not differentiable at 8. Moreover,
the type distribution satisfies the following differential equation

(1—0(0)) G(0]v1) + b(0)G(O|vg) = ¢"(0) (3.5)

for almost every 0 € [Q, ﬂ .

The main qualitative finding of the theorem is that the support of the equilib-
rium type distribution is an interval. In other words, there is a continuum of active
types in equilibrium. Moreover, the type distribution is continuous whenever the
function c is differentiable. The theorem also provides a partial characterization of
the equilibrium type distribution through a differential equation (Equation (3.5)).
We first give some intuition for our characterization. At the end of this subsection,
we illustrate how one can solve for an equilibrium using Equation (3.5) through a
simple example

Much of our analysis in this subsection rests on a key result in which we show
that any bidder is indifferent between the equilibrium type distribution F' and
any other experiment G € F with finite support that puts probability mass only
on types in the support of the equilibrium type distribution. In other words, if
supp G C supp F, then U(F, H) = U(G, H). In particular, a bidder is indifferent
between F' and any binary experiment that splits the prior into two types 6*,0 €
supp F'. To see this, pick any experiment G € F with supp G C supp F' and

consider the following maximization problem:

max U ((1 —a) F+aG,H).

a€(0,1]
This maximization problem is solved at a = 0 because the equilibrium type dis-
tribution F is chosen optimally from F, given that all players use the equilibrium
bidding strategy H in the continuation game. The first-order condition for opti-

mality implies

d
daU((l—a)F—i—a H) |a=0 = 0.
Recall that U(F, H) = [, (u ),0) — c(0)) dF'(8) and therefore

U((l—a)F+aG,H)=aU (F, H) (1 —a)U (G, H). Calculating this first-order
condition explicitly, we find that U(F, H) = U(G, H).
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Let 6 and § denote the upper and lower bounds of the support of the equilibrium
type distribution. We now argue that the type distribution F' is strictly increasing
over [Q,cﬂ, i.e., its support is an interval. Assume to the contrary that there
are two types 6; and 6, in the support of the equilibrium type distribution such
that F' is flat over the interval (6,6,). Note that there is an experiment G in
F that puts positive probability only on 6y, 05, and possibly an additional type
0* € supp F.!' By the argument given above, we know that U(F, H) = U(G, H).
We will construct a type distribution F’ € F that is Blackwell less informative
than G' and consequently cheaper than G. We will then use this type distribution
to show that there is a profitable deviation from an equilibrium where distribution
F' is chosen with probability one.

Let b; denote the highest equilibrium bid submitted by type 6; and let by denote
the lowest equilibrium bid submitted by type 65. Lemma 1 argued that the bid
distribution is atomless. Moreover, the bid distribution is flat between b; and by
because there are no types between 6, and #, and because the bid distribution is
monotone (Lemma 1). Therefore, in state v; the equilibrium payoff from bid b; is
equal to the equilibrium payoff from bid by. Similarly, u (b, vo) = u(bs, vy).

Consider an alternative type distribution F’ € F that is identical G except
that F’ merges the two types #; and 65 into a single type 6. More precisely, F’
generates the posterior § = (F ({61}) 61 4+ F ({65}) 65) / F ({6, 65}) with probabil-
ity F' ({01, 62}). Note that G is more informative than F’ therefore C(G) > C(F").
However, choosing experiment F” and bidding b, after drawing 6 is a profitable de-
viation because u(by, v;) = u(by, v;) for i = 0,1 implies that U(F', H) > U(G,H) =
U(F,H).

We will now establish Equation (3.5). Let Gyy denote the binary experiment

that generates posteriors § and 6 € [1/2,6]. Note that U(Ggg, H) = U(F, H) for

each 6 € [1/2,6]. Therefore,

d
U (Goa, H) = 0.

An explicit calculation gives

(u(H(0),0) — c(0)) (1/2 = 6) + (u(H(0),8) — c(0)) (6 — 1/2)
-0

U(Ggo, H) = 7

HIf 1/2 ¢ (01,02), then we need the experiment G to put weight on an addition type 6* in
order for Bayesian plausibility to be satisfied.
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and dU(Gyg, H)/df = 0 implies that

4
do

TV
Marginal Interim Payoff—Marginal Cost

(u(H(0),0) —c(0)) =D, (3.6)

J/

where D = ¢(0) —u(H (), 0) is a constant independent of #. We will use Equation
(3.6) to show that 1) The type distribution is atomless under the assumption that
¢ is differentiable, and 2) The equilibrium type density satisfies Equation (3.5).
Recall that u(H(0),0) = Ou(H(0),v1)+(1 — ) u(H (), v). The envelope theo-
rem, or equivalently, the fact that H(#) is chosen optimally in equilibrium, implies
that %UH (0,0)|p=t9) = 0. Therefore, the marginal interim payoff of type 6 is
equal to u(H(0),v1) —u(H(#),vo). If the type distribution has an atom at 6, then
the function u(H (0),v) —u(H (), vy) is discontinuous at 6. This implies that the
marginal cost is also discontinuous at 6, contradicting the differentiability of c.
We now complete the sketch of the proof by deriving the differential equation
that characterizes the equilibrium type distribution. The fact that the type dis-
tribution is continuous at each 0 € (Q, 5) and Lemma 1 together imply that each

type 6 submits a unique bid equal to b(#). Therefore,

(), v5) = /0 (v — b(#)) GO |v:)dE .

Moreover, the convex function c¢ is twice differentiable almost everywhere by
Alexandrov’s Theorem. Therefore, ¢/(0) = 06 "(0)df. Substituting

f00 (v; — b(0")) G(0'|v;)d0" for u(0, v;) and foe " (0)do for ¢ () in Equation (3.6) we
obtain

/0 (1= b()) G(O'[vn) + BO) G |vo) — (0')) dbf = D

for each 0. The righthand side of the expression above is constant, and the identity
must hold for each 6. Therefore,

(1 =0(0)) G(6v1) + b(0")G(O]vo) = " (6)

for almost every 6, establishing Equation (3.5).

In what follows, we turn our attention to solving for an equilibrium under the
assumptions of Theorem 3. Equation (3.5), which characterizes the equilibrium
type distribution, can be expressed as a second-order differential equation. How-
ever, solving this differential equation is not, in general, straightforward. We will

illustrate how to derive the equilibrium by focusing on a simple example where
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there are two bidders and one object. In this case, Equation (3.5) reduces to the

following expression
0% + (1 —0)?
0) = ———C"(0 :

1) = g 0, (3.7)
because b(9) = 6%/ (6% + (1 — 0)2). Moreover, the type distribution satisfies F(6)—
F (0) = 1 and Bayesian plausibility f; 0f(0)d0 = 1/2. Given the density f, the
Bayesian plausibility constraint and F'(f) — F () = 1 together uniquely determine
the endpoints of the type distribution’s support (See Kim and Koh (2022) for a
detailed argument). In the examples below, we explicitly solve for the unique
equilibrium for two alternative specifications of the cost function. For both of

these examples, we assume that F = A ([¢/,0"]), where ¢’ < 0.38 < 0.68 < §".

Example 1. Suppose that the cost of information is given by the quadratic infor-
mation cost function, i.e., ¢(d) = (1/2 —0)>. In this case, () = 2 . Integrating
Equation (3.7) and solving for § and  delivers the equilibrium type distribution

—46 +2In ;& +2.91 if 6 € [0.38,0.62],
F*(0) =<0 if § < 0.38,
1 if 0 > 0.62.

Note that #/ < 0.38 < 0.68 < #” implies that F* € F. In order to find the
endpoints of the support, we used the fact that § = 1 — @ (because the density f

is symmetric around 1/2) and F(0) — F(0).

Example 2. Suppose that the cost of information is given by mutual information
cost function, i.e., ¢(f) = 1lnO+(1 — 0)In (1 — @) . In this case, ¢’ () = 1/60 (1 — 0)

and therefore

201 10,49 if 6 € [0.44,0.56],

9(1-0)
F*0) =< 0 if 6 < 0.44,
1 if 6 > 0.56.

As in the previous example, #’ < 0.44 < 0.56 < 6" implies that F* € F.

3.3. Information aggregation with general cost functions. Corollary 1
provided a necessary and sufficient condition for information aggregation with
posterior separable cost functions. In this subsection, we focus on more general
cost functions and provide two conditions that are together sufficient for informa-

tion aggregation.
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The first condition requires that the cost function be convex with respect to
mixtures with the uninformative experiment in a neighborhood of the uninforma-

tive experiment.

Definition 5. The cost function satisfies non-redundancy if there exists an open
ball around the uninformative experiment N (F°) such that C'(yF + (1 — ) F°) <
vC(F) for each binary experiment F' € N (F°) N F and « € [0, 1].

We call this condition non-redundancy because if the experiment F' = ~vF +
(1 —~) F° is more costly than ~yc(F'), where v € (0,1), then no decision-maker
would choose experiment F’. This is because a decision-maker can create an
identical distribution over posteriors at a cost equal to vc (F') by mixing F' with
the uninformative experiment. Any posterior separable cost function satisfies non-
redundancy.

We introduce some notation to state the second condition. Given an exper-
iment F', define a new experiment that is obtained by taking two independent

draws from F' and denote this experiment by F' ® F.

Definition 6. The cost function satisfies p-monotonicity if there exists a ball
N (F°) and a constant p > 1 such that C(F ® F) > pC(F') for each symmetric
binary experiment F' such that ' ® F € N (F°)NF.

The experiment obtained by taking two independent draws from F' is more
informative than F'. Intuitively, one would then expect FF®F to cost more than F'if
the experiments are correctly priced. The condition introduced above strengthens
this notion of monotonicity by requiring C(F ® F')/C(F) to be uniformly bounded
below by a constant greater than one in a neighborhood around the uninformative
experiment. We note that twice continuously differentiable posterior-separable
cost functions satisfy p-monotonicity.!> See Pomatto et al. (2020) for a detailed
discussion of these two conditions.

We now argue that a rich set of experiments, non-redundancy, and p-monotonicity
are together sufficient for information aggregation. Choose a symmetric binary
experiment in F that generates posteriors ¢ and 1 — ¢ with equal probability.
The experiment’s likelihood ratio is given by A := ¢/(1 — ¢) and we denote this
experiment by F'(\) since its likelihood ratio fully characterizes it. Taking two in-
dependent draws from the experiment F' (\/X) generates posteriors equal to ¢, 1/2,
and 1 — ¢ with probabilities z(A)/2, 1 — z()), and x())/2, respectively. In other

12More precisely, a continuously differentiable posterior separable cost function satisfies

¢ (0)—c'(1/2) (O)=c'(1/2) - o

p—monotonicity if limsupy,; /o — =175 <o00or lim supg4q /2 =173
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words, experiment F(v/A) ® F(v/)) is equivalent to the experiment generated by
picking binary experiment F'(\) with probability = and picking the uninforma-
tive experiment with the remaining probability. Therefore, the cost of experiment
F(vVA)® F(\V/)) is equal to the cost of experiment zF()\) + (1 — z)F°. The lemma
below establishes a linear bound for the cost of experiment F((v/)) in terms of the
cost of F(\).

Lemma 7. If the set of experiments is rich and the cost function satisfied non-

redundancy and p-monotonicity, then

Proof. The p-monotonicity implies that C' ( F(v/A) @ F (\/X)) > pC <F \/X) . More-
over, non-redundancy implies that C (z(A)F(A) + (1 — z(X))F°) < z(N)C(F(N).
Hence, ¢ (F(\/X) ® F(ﬁ)) < x(N)C((F()N)) because

C (F(ﬁ) ® F(ﬁ)) — C@F(\) + (1 - 2)F°).

Therefore, C (F (ﬁ)) < C(F(N)z(N)/p. O

The following theorem shows that the two conditions outlined above are suffi-

cient for information aggregation.

Theorem 4. If the set of experiments is rich and the cost function satisfies non-
redundancy and p-monotonicity, then information is aggregated along any equilib-

TIUM Sequence.

To prove this theorem, we construct a sequence of binary experiments in F
and we show that the cost-accuracy ratio converges to zero along this sequence.
The fact that information is aggregated then follows from Theorem 1.

The construction works as follows: Choose a sequence of symmetric binary ex-

o0

periments {F ()\1/ 2j> } ~contained in the set of available experiments such that
the first experiment in JtiOe sequence, F'(\), is close to the uninformative experi-
ment, that is, \ is close to one. The experiments in the sequence are decreasing
in informativeness and the sequence converges to the uninformative experiment.
Moreover, the accuracy of experiment F(A!/?') is equal to (/\1/21 - 1) / <>\1/2j + 1).
Therefore, the accuracy of experiment F(\!/ 2j) converges to zero at the order of
1/27.
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The linear bound established in Lemma 7 implies that C(F(v/A)) < yC(F())),
where y := x(\)/p. The fact that we chose A close to one implies that y is a positive

constant strictly less than 1/2. The same logic establishes that
C (rv) <uc (r (v2)

for each j > 1. Therefore, proceeding recursively, we find C' (F (A 2j)> <yIC(F(N).
In other words, the cost of the experiment F ()\1/ 2‘7) converges to zero at the or-

der of /. This implies that the cost-benefit ratio of experiment F ()\1/ 2j) also
converges to zero as j — oco. This is because 1) cost converges to zero at rate 3/,

2) the accuracy converges to zero at rate 1/27, and 3) y < 1/2.

Remark 1. In contrast to Corollary 1, Theorem 4 provides only a sufficient condi-
tion for information aggregation. In fact there are differentiable posterior separa-
ble cost functions that do not satisfy p—monotonicity. Such an example is given
below:

(0 —1/2)** ifq>1/2

(1/2—0)*? ifqg<1/2

This cost function is differentiable at 1/2 and, therefore, information is aggregated

by Corollary 1. However, it can be readily verified that

lim C(F® F)/C(F)=1
F—F°
for each symmetric binary experiment F.

4. CONCLUSION

Understanding frictions that hinder information aggregation is a central eco-
nomic question studied by a vast literature and costly information is one such
friction. In this paper, we studied information aggregation in a large common-
value auction where information is costly. Our main result provided a necessary
and sufficient condition under which information aggregates. In particular, we
identified the cost-accuracy ratio as the parameter that determines the informa-
tion content of the auction price. Moreover, we argued that the informativeness
of the price is Blackwell decreasing in the cost-accuracy ratio. Our approach al-
lowed us to conclude that information can aggregate in a large market under mild
conditions even when information is costly.

Our characterization of the equilibrium type distribution provided further in-

sights concerning the distribution of information among the bidders in the auction.
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In particular, we showed that each bidder acquires a vanishingly small amount of
information in equilibria where information aggregates. In contrast, a vanishing
fraction of bidders acquire substantial information while all other bidders remain
uninformed in equilibria where information does not aggregate.

In this paper, our focus was on the demand for information in a particular
market and we summarized the supply of information by an information cost
function. An interesting avenue for future research is to model the supply of

information explicitly.
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A. APPENDIX

Below we prove Lemma 2 by showing that F'(u") converges in distribution to
Fe.

Proof of Lemma 2. The facts that bidding is monotone and the bid distribution
is atomless together imply that P¥ — V in probability if and only if

lim \/n (F(1/2vi; u") — F(1/2|vg; ™)) — oo by Atakan and Ekmekci (2021),
Lemma 2.2.

Pick any convergent subsequence F(u") — F in distribution, which exists by
Helly’s theorem. If F'(-) # F°, then lim /n (EF'(1/2]vi; u) — F(1/2vg; p)) = o0,
and therefore, P* — V in probability. For each € > 0, the equilibrium payoff to
strategy (u*, H) satisfies the following inequality:

1
Z Pr{P" <wv; — €|V = v;}v; + €) — C ().

=0

UF(u*, H*) <

N | —

The fact that P* — V in probability implies Pr{P* < v; — €|V = v;} — 0 for
each e. Hence, limsup U*(p*, H*) < —1lim C(p*), as € is arbitrary. However,
lim C(u*) > 0 because c is continuous and F # F°. Therefore, equilibrium payoffs

are negative for sufficiently large k, a contradiction. m

Below we prove Lemma 3. In particular, we show that 1 — imE[P"|v,] =
lim E[P"|vy] along any equilibrium sequence H along which these limits exist.
Subsequently, we will prove that these limits exist along any equilibrium sequence.
In particular, if CB < 1/4, then we show that lim E[P"|vg] = C'B in Lemma 4. If
CB > 1/4, then we show that 1 — lim E[P"|v;| = lim E[P"|vy] = 1/2 in Theorem
2.

Proof of Lemma 3. Pick a sequence of types 6™ and bids " € supp H"(:|6") such
that Pr(P" < b"|vg) = e. Notice that Pr(P" < b™|vg) = € implies that Pr(P™ <
b"|v1) < € because bidding is monotone in 6. Therefore U™(b"|0") < e. Consider
an alternative strategy where type 0™ submits a bid equal to 1. The payoff to this
strategy must be at most U™ (b"]0"), that is,

0" (1 — E[P"[v1]) — (1 — 0")E[P"|vy] < e.

Moreover, Pr(P" < b"vy) = €, 0" € supp H™(0"), and F(u") B Fe together
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imply that 6" — 1/2. Therefore,
1 —limE[P"|v1] — im E[P"|v] < 2evy

for each e.

Pick a type 0™ and a bid b™ € supp H"(-|0") such that H™ {(0,0) : (6,b) > (6™,b")|v1} =
/2. The fact that F'(u") 2 F° implies that 6" — 1/2. Notice that lim Pr(P" <
b"|vy) = 1. MLRP implies that H"{(6,b) : (6,b) > (0",0")|vo} < k/2 for each n.
Therefore, lim Pr(P™ < b"|vg) = 1. Moreover,

0" Pr{P" <b"|vi} (1 — E[P"|P" <b", vq]) —
(1 —60")Pr{P" < b"|v1 }E[P"|P" < V", v9] —
1 —limE[P"|v;] — im E[P"|vo] > 0

establishing the result. O]

The probability that a particular bid b is pivotal (i.e., Y"(|xn]| + 1) = b) can
be approximated using the central limit theorem. If
[wn] —nH"({V' > b}|vi))

lim =a,
nk(l — k)

then Bi(|kn|;n, H"({b' > b}|v;)) — ® (a) where Bi denotes the binomial cumu-
lative distribution, that is, the probability of drawing at least |xn| successes out
of n draws where the probability of success is equal H"({t/ > b}|v;). Moreover, if
we let ¢ = H"({b' > b}|v;)), then

bi(|kn];n,q) = ( n J)qtrmj(l _ q)n—Lnnj _ 1+ 4,(q) 5 ( |kn] —nq )

LKkn 2mnk(l — K) k(1 —K)n
(A.1)
where bi denotes the binomial density; and limy, oo SUDy g xn)|<nt On(q) = 0 for
t < 2/3 (see Lesigne (2005, Proposition 8.2)). For any b € [vg, v1] define

_ Lsn) = (n = 1) H*({V' > b}|v)
V(n =1kl — k)

Lemma 8. Pick a sequence of bids and types{(b",0")} with b € supp H"(-|0").
Assume that lim 2 (") = z; < oo fori = 0,1 and lim{(0™) = p. For any § > 0,

21'(b) :
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there exists an N such that for alln > N we have

(1 =9) ¢(21)/9(20) <UY™(|wn] +1) =0") < (1+0)¢(21)/d(20)-

Therefore, [(Y"(|kn] + 1) =b") = ¢(21)/d(20)-

Proof. A direct computation shows that

bi(lknlin — 1, H"({b 2 b"}[v1))

Y (Len] 1) =00 = U0 =T (b > b} o))

Eq. (A.1) implies that for any § > 0, there exists an N such that

o1 (0") _ bi([wn]in =1, H"({b > b"}[v1))

i ¢ (b))
oz (") = bilkn);n =1, H*({b = b"}|vo))

o(z5 (")

for all n > N. Our assumption that lim 2]'(b") = 2; < oo and |kn]/(n — 1) = K
together establish that lim /n|H"({b > b"}|v;)— k| < oo for i = 0, 1. The fact that
®(2(b)) is a continuous functions of b implies that for any § > 0, there exists an
N such that for all n > N we have p (1 —0) ¢(z1)/d(20) < UY™(|kn]+1) =b") <
p(146)¢d(z1)/d(20), where p = lim{(0™). Moreover, the fact that F(u") B pe

implies p = 1. O]

(1-=9) < (1+49)

Lemma 9. Suppose CA < 1/4. Along any equilibrium sequence (H™, u™) we have

n _ _
liminf , | ———— (F(1/2]vy; p") — F(1/2|vg; 1)) > 0.
iminf [ (P12 %) = P12 )
Proof. Suppose lim v/n (F(1/2|vy; u™) — F(1/2|ve; ™)) = 0 along a subsequence,
which, abusing notation, is index again by n. We will argue that P" 21 /2 in
both states. However, then the argument provided in Lemma 1 implies that any

bidder can improve upon her equilibrium payoff by deviating to an experiment
CAp = C(F)/ (F(1/2]01) — F(1/2]uy)) < 1/4

for sufficiently large n leading to a contradiction.

We now argue that lim/n (F(1/2|vy; u") — F(1/2]vg; p™)) = 0 implies that
rt 5 1/2. Pick a sequence of bids and types{(b",0")} with b" € supp H"(-|6").
Assume that lim2]'(b") = 2z; < oo for i = 0,1. Our maintained assumption
lim v/n (F(1/2|vy; p™) — F(1/2|ve; ™)) = 0 implies that z; = zo. Therefore,
lm{(Y"(|kn|+1) =b") = 1 by Lemma 8. However, then " — 1/2. Moreover, the
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price clears at a bid with z; < oo with probability converging to one. Therefore,
5 1/2 in both states. O

Lemma 10. Along any equilibrium sequence (u", H™), we have im U™ (u™, H") =
0.

Proof. Pick a type 0" € [1/2 —¢,1/2 + €] and a bid b™ € supp H™(0") such that
lim Pr(P™ < 0"|v;) = 1. The limit payoff for this type is at most 2ev; because
1 —lim E[P"|v;] = im E[P"|vy] and because lim E[P"|v;] > 0. Moreover, for any
0,0 € [1/2—¢€,1/2+ €|, b € supp H"(-|0), and V' € supp H"(-|¢),

" (b, 0) — (1, 0')] < 2e.

Hence, limu"™(b", 0) < 4¢ for each 6 € [1/2—¢,1/2+¢], b™ € supp H"(#). Moreover,
F([1/2 —€,1/2+ €]; u™) — 1 because F'(u") 2 F°. Observing that e is arbitrary
establishes the result. ]

Lemma 4 states if CA < 1/4, then lim,, E[P"|vy] = C'A along any equilibrium

sequence H. The argument for this lemma is below.

Proof of Lemma 4. We prove the lemma through two intermediate Lemmata pre-
sented below. The first lemma shows that 2CBp > limsup, E[P"|v] for all
F € F\ {F°} along any equilibrium sequence H. The second lemma argues
that if lim v/n (F(1/2|vy; u™) — F(1/2|vg; 1)) > 0 along an equilibrium sequence,
then 2C'B < lim inf, E[P"|v,] along the sequence H. These two Lemmata together
with Lemma 9 establish that if CB < 1/4, then CB = lim,, E[P"|v,] along any

equilibrium sequence. O

Lemma 11. Along any equilibrium sequence H, we have 2C Ap > lim sup,, E[P"|v]
for all F e F\ {F°}.

Proof. Assume to the contrary that there exists an experiment F' > 0 such that

20(F) < im E[P" |v]

2O = B afon) — F(1/2e)

along some equilibrium sequence. Consider the strategy where a bidder pur-
chases experiment F', bids 1 if 6 > 1/2, and bids 0 otherwise. The payoff
from this strategy converges to (F(fv;) — F(0|vg)) E[Plvg]/2 — ¢(F) > 0 be-
cause 1 — imE[P"|vq] = lim E[P"|vy] by Lemma 3. However, this contradicts

Claim 10, which showed equilibrium payoffs converge to zero. As this is true for
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any convergent sequence {E[P"|vg]}, we have 2CAp > limsup, E[P"|vy] for all
Fe F\{F°}. O

Lemma 12. Along any equilibrium sequence, if

lim v/n (F(1/2[vy; ") = F(1/2]wg; ™)) > 0,

then
CA <lim i%fE[P|U0].

Proof. Pick a subsequence, which abusing notation we index by n, such that
F(u™) # F° for each n and lim CBp(,» exists. Note that such a subsequence
exists by assumption and lim CAp(,») > CA. Assume to the contrary of the claim
that lim CAp(my > CA > liminf, E[P|v)].

Choose ¢ > 0. Pick a type 6" and a bid b € supp H"(0") such that
H™{(6,b) : (6,b) > (6",b")} = k — €. Pick a type 8" and a bid b" € supp H™(6")
such that H" {(9, b): (0,b) > (é”,i)”)} = Kk + €. The equilibrium payoff can be

expressed as follows
Un(H" ") =
/01 / O Pr{P" < blu} (1 — E[P"[P" < b, w]))
—(1-6) PrO{P” < bl YE[P"|P" < b, vo])dH" (b|0)dF(6; 1)
+H" ({(e,b) L0e[6m,07),b > 13”}) E [u”(b|€)|9 e [6m,07),b > Bn] +
H" ({(9, b): 0 <" b< b"}) E [un<b|9)|9 <6,b < B"} o) (A.2)

where

E [u”(b, 0)|0 € [6m,07),b > 8"} -
/ OPH{P" < by} (1 — E[P"|P" < b,1])) —
{(0,6):0<0m b<bn }
dH"

(1 —0)Pr{P" < blvg}E[P"|P" < b, UO])]—]n <{(9 56 < P [}n}> :

Notice that for each (0,b) > (6™,b"), we have

OPr{P" < blv;} (1 — E[P"|P" < b,v,]))—(1—0) Pr{P" < blug}E[P"|P" < b, vy]) <
OPr{P" < blu;} (1 — E[P"|P" < b",v1]))—(1—0) Pr{P" < blug}E[P"|P" < b", ).
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Moreover, Pr{P™ < bjv;} < Pr{P"™ < b|vy} implies

O Pr{P" <blvi} (1 = E[P"[P" < 0", 01]))=(1=0) Pr{P" < blug }E[P"|P" < b",v]) <
0 (1—=E[P"[P" <b" v1])) — (1 = O)E[P"[P" < b",w))

Substituting back into the equation (A.2), we find

1

U™(H", p") < (1 = E[P"[P" < 0" o)) | 6dF(6; p")—
gn

1

E[P"|P" < ", u)) / (1 — 6)dF(6; u")+

gn

+H" ({(e,b) L 0€10,0M),b> b”}) E [u”(b|€)|0 € (6,60m),b> 13"} FPr{P" < b} —C(u")

Using the facts that [, dF(6; u") = F(0"|vy; u™)/2, and [, (1 — ) dF(6; u") =
F(0™|vo; u™)/2 we obtain

— Fn Fn
UM(H™. ™) < F(0": " -1 1 — PPy — 0 pr
(1) < PO sa) (G- P = )

TH" <{(9,b) L0€10,0),b> b"}> E [un(bw)w € (0,60m),b> zﬂ FPr{P" < b —C(u)

where F* = F(0"|v;, u") and P" = E[P"|P" < b",v;]. Note that if § > ¢/, b €
supp H"(6), and V' € supp H"(#'), then u™(V/|0") < u™(V'|0) < u™(b|f). Moreover,
H" <{(9, b):0€0,07),b> B"}) < 2¢. Consequently,

F F
Un(H" 1) < - P - SR+

2
%  (Fp Fr )
_ (B py—Z0pr) 4 PP < iy —O(u"
s (A=) =) P <) - co)
F'n n F'ﬂ n R
Ay B e <y — o)

where € = 26%. A bidder can always choose experiment F° and submit a

bid equal to b™. The payoff from this strategy is equal to

Pr{P" <0"uv} (1 — P") — Pr{P" < b"|vo} P}
5 .

30



The fact that F'(u") # F° implies that

il ( 12) 4o o < Un(Hn,Mn)

F' + €}
2

< Fe + e

(1-P) - B+ Pr{P" <"} — C(u").

where ¢ = Pr{P" < b"|v;}. Therefore,

@b~ F5 =, 2Pr{P" < b} — 2c(u")

n
n n n> 0 n n n
qf — Fi' — €] qr — Fi' — €]

1- Py <

This in turn implies that

Fr " o
5 (L=P) =P <
Fr(qp—Fp—er  2Pr{P" < b} — 2¢(u") o
9 n n nPO n n n - _PO
(@ Fr - Fy) Py Pr{P" <) = C(u)
_ n n n + Fl n n n :
2<Q1_F1_€1> q — F' — €]
Consequently,

T £y
UnH" ) < (- ) - SR+

2

2¢ Er Ep A
- (21 -P" - 2P| +Pr{P"<b"} - C(p"
i (A=A =R + PP <) = )

(@ F? = g Fg) By o Pr{P" < b7} = C(u)
T 2 —Fr—€p) Lo —e
2¢ (gh FT — ¢4 Fy) Py Pr{P" < b} — c(u") -
F(Q",Mn)< 2(qy — F' — €7) ! q¢ — I — €}

(Oi 20)n0+(q1_61) { . n} n(#)+
2(q¢ — I — €7) qf — Fi' — €]

2¢ (G Fp — R Fp) Py Pr{P" < b"} — (™)
+ F|

F(om,pum) \ 2(q — Ff' =€) g — I — et

Individual rationality implies that U™(H™, u"™) > 0. Therefore, dividing the right-
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hand side by (F}" — FJ') /(q7 — FJ* — €}) we find

(g FP — g4 Fy) (Pg — vf) Pr{P" < b"} — C(u")

0< n__n
17 B Ay 7
L% (@R R ) |, PP <) - COr)
n n n 1 n n
F(0m, um) 2(F7 — 1) I — Fg

Notice that F' — Fj} > 0 because F'(u") # F° and ¢} — F|" — €} > 0 for sufficiently
large n because ¢} converges to one. Further below we will argue that Pr{P" <
b}/ (Fr — FP) — 0 and (qAF" — q'Fp) /(FP — F) — 1. Taking the limit as n
goes to infinity we find

( n n

pPr— n
0 UO) — lim (1 o 6111) C(:u )
2 Fr —Fp

2¢ < Py Pr{P" < b} — C(u"))

limTO—i-limFl” Fi— By

0 < lim

T —
E(6m, pym)

The fact that € is arbitrary implies that

20 (p")

However, F'—Ff = [, 2(20—1)dF(0; ") < [, 2(20—1)dF (6; ") = F(1/2[vy; )~
F(1/2|vo; u™) because 0" > 1/2 for sufficiently large n. Therefore,

20(p")
(1/2Jvy; ) — F(1/2[vo; pm)

0 < limE[P"|vy] — lim 7

We now argue that \/nPr{P" < b"}//n(Fr — F) — 0.
Note that lim /n (F(1/2[vy; ™) — F(1/2]vg; 1)) > 0 by assumption and Pr{P™ <

(ﬁ) n(k+e)

b"} < ez by Chernoff’s inequality (see Janson et al. (2011, Theorem
2.1)). Therefore, the facts that

() nieto

VnPr{P" <"}/ a(F = Fy) < Vnew = Vn(F! - FY),

(=) ninro)

Vvne~ 2 — 0, and /n(F}* — F}') — ¢ > 0 together establish the limit.
Finally, we argue that (¢f F]" — ¢V Fy') /(F]' — Fj) — 1. Chernoft’s inequality
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(552) “ntnto

implies that ¢; = Pr{P™ < b"|v;} > 1—e" 3 . Therefore,
2 2
He€ n(k+e) Ke€ n(k+e)
(1—6(”3) Fr— Fp Fr— (1—6“)3) Fr
< WE —d Y
= kg I S ' I = kg
(ni€>2n<,€+e) (Ki€)2n(n+e)
I 2, GtV T e
1-F < = — <1+
L Fp Fr — F} R YO o
(HiE)Qn(we)
The fact that \/ne= 3 /\/n(F]' — F}') — 0 establishes the limit. O

A.1. Proof of Theorem 1, equilibrium existence. The fact that F is com-
pact in the weak-star topology implies that A (F) is also compact in the weak-star
topology. For each € A(F), there is a unique symmetric equilibrium bid distri-
bution Hp(,) by Lemma 1. Moreover, for each b € supp Hp(,)(0) we have

b=E[VIY" Y(|sn]) =b,0; = 0)].
Claim 1. If 1/ converges to u in distribution, then F(u') converges to F(u) in
distribution and Hp(,) converges to Hp(,) in distribution.

Proof. Foreach z € (0,1), let b(x, u) be such that Hpy ({b' < b(z, 1)} |v1) =, let
y(x, 1) = Hpgy({0 < b(x, 1)} |vo) and let O(x, ) = inf {6 : F(¢'|v1) > x}. The
equilibrium bidding strategy implies that

b(z, 1) 0(x, 1) (1 — )t gnh-t

L=b(x, ) (1=0(z,1)* (1 —y(z, )" y(w, p)rh-?

If u™ — p, then (x, u™) — 6(x, p). This is because 6 is the xth quantile of F'(u™)
and if F'(u™) — F(p) in distribution, then the quantiles also converge. Notice

that > (1 g )
n - Z?Mn
y(x, p :/ ————dz.
= L 0 )

Therefore, if 4" — p,then y(z, u") — y(z, p). Hence, 2&r)_ _y _bu)

! lfb(x,p") 171)(:6,#)’
pleting the proof. m

For each € A (F), let

b b
(6. 2) == max / (1~ p)dHrg (plon) — (1 — 6) / pdH (s (plvo)
0 0
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and for each ({1, u) € A(F) x A(F) let

//{0” (0, 1) dEO)dp(F).

Clatm 2. The function u is continuous in # and continuous in p in the weak-
star topology. Moreover, the function U is continuous in both arguments in the

weak-star topology.

Proof. The properties of u follow from Berge’s maximum theorem. The properties

of U follow from the continuity of u. ]

Define the correspondence I' : A (F) — A (F) as follows

I'(p) = arg Jnax U (i, ).
This correspondence is upper-hemi continuous and compact valued by Berge’s
maximum theorem. This is because A (F) is compact and U is continuous in the
weak-star topology. Moreover, I' is also convex valued since U is a linear function
of fi. Therefore, I' has a fixed-point p* € F by Glicksberg’s fixed point theorem.
The information acquisition strategy p* together with the equilibrium bidding

distribution Hp,-) comprises a symmetric equilibrium for the auction.

A.2. Proof of Theorem 2.

Lemma 13. [If

v (F(L/2]or; p") — F(1/2[vo; 1))
Rl = K))

— A € (0,00),

then P* 5 P, P is atomless with support [0, 1], and distribution function Pr{P <
Pt = (¢ (p, A)) for all p € [0,1].

Proof. For any p € (0,1), we will argue that

o In |2
lim 25 (p) = ¢ (p, A, 0) = — +

| 1>

Pick a sequence of types {6"} such that p € H™(-|0"). Pick a subsequence
along which lim z{/(p) exists and denote the limit point by z. We have p =
E[V|Y" Y(|kn]) = p,0; = 6")] for each n. Moreover, if z € (—00,00), then
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0" — 1/2 by Lemma 8. Therefore, if limz{(p) = 2, then limz}(p) = z — A
because bidding is monotone and because 0" — 1/2.

Lemma 8 implies that

P(z—A)
lim E[V |V~ ([sn]) = .6, = 0")) =~
)
Therefore,
¢(Z(—)A)
o(z
pP= "7
P(z=A)
1+ 756
Solving for z we obtain
-p
= — = A0

proving that lim 2{(p) = ¢ (p, A, 0) and therefore lim 27 (p) = ¢ (p, A, 1).
Note that Pr{P" < p|v;} = Pr{Y"(k + 1) < p|v;}. The central limit theorem
implies that for each € > 0, there exists an N such that

@ (¢ (p.A0) — € < Pr{Y"(k + 1) < plug} < ®(C (p, A,0)) + e

for all n > N. As € is arbitrary we find that im Pr{Y"™(k + 1) < p|vy} —
® (¢ (p,A,0)). Similarly, im Pr{Y"(k + 1) < p|lv1} — ® (¢ (p, A, 1)) .Therefore,

lm Pr{Y"(k +1) <p|V} = (C(p,A,V))

for each p € [vg, v1]. O

Let A = ;% and notice that A = Pr{V = v;|P = p} / Pr{V = vo|P = p}, that

is, A is the relative likelihoods of the two states conditional of observing a price

A

- Therefore,

equal to p. Rearranging we obtain p =

/Ul 4% (C (p, A, 0)) /oo A2 A
p p, A, = — 9\,
. TN

where g(\; 1, o) denotes the density function for a lognormal distribution G(A; i, o)

with location parameter ;1 and scale parameter o.
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Lemma 14. If CA < 1/4, then the equation

<A A?
2CA = ——g(\;——, A)d

has a unique solution A*(C'A) that is decreasing in CA. If CA =0, then A*(CA) =
0o, and if CA = 1/4, then A* = 0. If CA > 1/4, then C A exceeds the righthand

side of the equation for every A > 0, i.e., the equation has no solution.

Proof. If A > A, then G(); —%2, A) second order stochastic dominates G(\; —A2/2, A).
This follows from the property that a lognormal distribution G(u, o) second order
stochastically dominates another lognormal G(f, ) if (i)u > f1; (i) o < &; and
(ii1) p+ % > i+ % (see Levy (1973)).

The function f(\) = (Av; +v) / (1 + A) is an increasing, strictly concave func-
tion of A. Therefore, second order stochastically dominance implies that if A > A,
then

([ Avr + g A? <Ay + v A?
_—— A ——, A)d) _— Ay ——, A)dA
A ( 1+>\ UO) g( ) 92 ) ) >\/0' 1+A Vo g( ) 9 ) ) )

that is, the expression is increasing in A.

Note that if A = 0, then E [P|vy] = 1/2 and if A — oo, then E [P"|vg] — 0
(see the proof of Lemma 2). Therefore, the equation 2C'A = E [P|vg] has a unique
solution A*(C'A) and this solution is decreasing in CA if CA < 1/4 and the
equation has no solution if CA > 1/4. O

Lemma 15. If CA < 1/4, then Pr{P < p|V} = @ (¢ (p,A*(CA),V)) for all
p € [0,1]. If CA > 1/4, then P"™ converges is probability to 1/2.

Proof. We prove this lemma by looking at two distinct cases. Note that F'(1/2|vy; u™)—
F(1/2]vg; p™) > 0 for each n. Therefore, either we have
liminf \/n (F(1/2]v; p™) — F(1/2[vg; 1)) > 0 or we have
lim o7 (F(L/2Jog; 1) — F(1/2Ju0; ")) = 0.

Case 1. Suppose liminf/n (F(1/2|vi; ") — F(1/2lve; ™)) > 0. Pick any
limit point A > 0 of the sequence. Then Lemmata 11 and 12 together imply that
lim E[P"|vg] = 2C'A along this sequence. Therefore,

/01 pd® (¢ (p, A,0)) = 2CA.

Lemma 14 this equation has a unique solution A* proving that the sequence also

has a unique limit point. Therefore, the unique price distribution is given by

36



B (¢ (p, A*(CA), V).

Case 2. If lim /n (F(1/2]vy; u™) — F(1/2|vg; ™)) = 0, then Lemma 9 implies
that P — 1/2.

If CB < 1/4, then liminf v/n (F(1/2]vy; u™) — F(1/2|vo; u™)) > 0 by Lemma
9. Therefore, the result follows from Case 1.

If CB > 1/4, then we will argue below that
lim /n (EF'(1/2|vi; u") — F(1/2|ve; ™)) = 0. Therefore, the result follows from
Case 2.

Assume to the contrary that liminf /n (F(1/2)vy; u™) — F(1/2]vg; p)) > 0.
Then, the limit price distribution is given by @ (¢ (p, A*(CB),V)),
lim v/n (F(1/2]vi; u™) — F(1/2|ve; ™)) = A*(CB) > 0, and fol pd® (¢ (p, A*,0)) =
2C'A as shown in Case 1. However, Lemma 14 implies that the equation
fol pd® (¢ (p, A,0)) = 2C' A does not have a positive solution A if CA > 1/4 leading

to a contradiction. O

Lemma 16. For each A, let G(A) denote the price distribution . If A > A', then
G(A) is a mean preserving spread of G (A'). Therefore, Lemma 5 informativeness

of the price is decreasing in C'A.

Proof. Note that fo xdG(x fo xdG'(x). G is a mean preserving spread of G’ if
and only if [ G(y)dy > fo G'(y)dy at each point z where G(z) — G'(z) = 0. Let
x be a point Where G(z) — G'(x) = 0. Integrating by parts implies that

/: G(y)dy = 2G(z) — /Ox yg(y)dy
/Ofﬂ G(y)dy = 2G(z) — /093 g(waj(y‘vl) g(ylvr) + g(yyvo)dy

) +9(ylvo) 2
/ G(y)dy = 2G(x) - @
0
Therefore, if G(x) = G'(x), then

[ et [ Gray - S ZEE)

Let z(z) and 2'(x) denote the values according to P and P'. If z(z) < 2/(z), then
z2(x) — A <2 (z) — A <2 (x) — A'. However,

o) = WD TP =) _ ) P +810) = )

which is a contradiction. Hence, z(z) > 2/(x). This implies that G(z|vy) =

37



O (z(z)) > G'(z|vg) = P(2'(x)). However, G(z) = G'(x) now implies that G’ (x|v,) >
G(zx|v1) which is the inequality that we were trying to show. The fact that A*(C'A)

is decreasing in C'A completes the argument. n

A.3. Proof of Theorem 3. We begin with some preliminary definitions. Given

a symmetric equilibrium (u, H),

u(0,v0) = K / / (1= H (b))~ H (blog)™" 5" dH (blu,) )dH (b]6),

where K = ("] )(L&le) In words, H(#) is the equilibrium bidding strategy
for type 6 and u(f,v;) is the equilibrium payoff of type 6 in state v; from using
the equilibrium strategy H(#). If 6 is a continuity point of the equilibrium type
distribution F', then Lemma 1 implies that H(b|#) puts probability one on the bid
b(6). Given that we are working with distributional strategies, H(b|) is not well
defined for any 6 ¢ supp F. For such types 6, define H(b|#) such that H({b =
b(0)}|0) = 1.

Fix an equilibrium (p, H) and let F' denote the equilibrium type distribution.
Convexity of C' implies that

() = C(F) = / (0')dF (0.

Pick any binary experiment Gy« € F that generates posterior 6 with proba-
bility ¢ (0,60*) and #* with probability 1 — ¢(f, 6*). Bayesian plausibility implies

that
1/2 — 6*

0 — 0*

Consider the following optimization problem:

q(0,07) == € [0, 1].

max U((1 —a) F + aGge~, H).
a€(0,1]

This maximization problem is solved at a = 0 because F' is chosen optimally by

each bidder in equilibrium. Optimality of F' also implies that

d

daU((l —a)F +aGoge, H) |a=0 <0

for each 6 € [0, 1].

Claim 3. We have LU ((1 — a)F + aGgg+, H) |o—o = 0 and therefore U (Gg g+, H) =
U (F, H) for each 6,0* € supp F.
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Proof. Pick an experiment G; € F such that 0 < F (supp G;) < 1 and

J4dE©)

Gi(A) = F (supp G;)

for every Borel set A C [0, 1]. For any such G; we have U’ ((1 — a)F 4+ aG, H) |4=0 =
0. This is because (1) if U" ((1 — a)F + aG;, H) o= > 0, then U ((1 — a)F' + aG;, H)—
U(F,H) > 0 for all a sufficiently small, contradicting that F is optimal; (2) if
LU ((1—a)F +aGi, H) |azg < 0, then F+a (F — G;) € F foralla < F (supp G;)
and U (F +a(F —G;),H)—U(F,H) > 0 for all sufficiently small a, again a con-
tradiction.

Pick any sequence of such experiments GG; converging in the weak-star topology

to the binary experiment Gyg- for 0,60* € supp F. The fact that

d
%U ((1 — (Z)F + (ZGZ‘, H) |a:0 =0

for each i along the sequence implies that

d
%U ((1 — CL)F + CLG@}@*,H) |a:0 = 0

for each 0, 6* € supp F. The equality U (Ggg+, H) = U (F, H) follows
because U ((1 — a)F + aGop«, H) = (1 — a)U (F, H) 4+ aU (G, H). O

Claim 3 implies that
q(0,0%) (u(0) — c(0)) + (1 — (0, 07)) (u(0") — c(6%)) = U (F, H) (A.3)

for 6, 0* € supp F.

Claim 4. The support of the equilibrium type distribution is an interval.

Proof. On the way to a contradiction assume that the type distribution is flat
over an interval [0y, 5] with 6,60, € supp F. Let b (6;) = maxsuppH (;), that is,
b(6,) is the highest bid in the support of type 6y, and let b (6y) = minsuppH (6s).
The fact that F' is flat on [0y, 0] and the fact that bidding is atomless and mono-
tone implies that u(b,v;) = u(b(#:),v;), for any b € [5 (01) ,1_7(92)} , in other
words, any type 6 € [, 6] is indifferent between bid b(#;) and any other bid
b€ [b(61),b(6)]. We will prove the result by studying two mutually exclusive
cases: 1) the type 1/2 € (0y,0,), and 2) the type 1/2 ¢ (6, 65).

Suppose that 1/2 ¢ (61,62). Without loss of generality further suppose that
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0, < 1/2 and pick 0* € supp F with * > 1/2.1% For any 0 € [0y, 6], consider the
binary experiment Ggg-. Substituting for ¢(6, 6*) in the first order condition with

respect to Gy« (Claim 3) and setting u; := u(b () ,v;) we obtain:

0—1/2 0 — 0

c(0) = uo + 0 (ur — o) + 2-0 (u(07) = c(67)) — mU (F,H) (A4)

for all 0 € [0, 6] and with equality for 6 = 6y, 65. The righthand-side of Inequality
(A.4) is affine and can be expressed as c¢(f) > 0D + E for all § € [6;,05] and
c(0;) =0;D+ E for i = 1,2, where D and FE are constants independent of 6. Pick
0 = A0y + (1 — \) 0y where X € (0,1) . Note that Ae(6;) + (1 — A) ¢(6,) = 0D + E.
Convexity of ¢ implies that ¢(f) < Ac(61) + (1 — A) ¢(6;) = 0D + E. However, this
contradicts Inequality (A.4), which requires ¢(d) > 6D + E.

Assume that 1/2 € (64, 6,). Pick binary experiment Gy, p,. Note that 0,0, €
supp F'. Therefore, Claim 3 implies that

q(Ql, 92) (Qlul + (1 — 91) Uo) + (1 — q(@l, 02)) (qul + (1 — 92) UO)
= q(01,02)c(61) + (1 — q(61,62)) c(62) + U (F, H) .

Bayesian plausibility implies that 6,q(601,02) + (1 — q(61,62)) 62 = 1/2. Using this

identity to rewrite the first order condition we obtain

U1 + Ug

— U (F,H) = q(01,05)c(61) + (1 — q(61,02)) c(02).

Similarly, the first order condition with respect to the uninformative experiment

F* implies

o ;“0 —U(F, H) < c(1/2).
Therefore, ¢ (1/2) > q(0y,6)c(01) + (1 — q(01,65)) c(f2) contradicting the strict
convexity of c. O]

Given an equilibrium type distribution F, let § = minsupp F and § = maxsupp F.
For each 0 € [Q, ﬂ, not equal to 1/2, define a binary experiment Gy g« as the ex-

periment that generates posteriors # and

0 if0>1/2,
0 ifo<1/2,

0 =

13This assumption is without loss because if instead #; > 1/2, we can choose §* € supp F
with 0% < 1/2 and proceed as in the argument.
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with probabilities (0, 0*) and 1 —¢q(6, 6*). Note that 6,0* € supp F' and therefore
the first order condition with respect to Gy ¢« holds with equality for all 6 € [Q, ﬂ )

Claim 5. We have
w(f,v1) —u(f,v9) = (0) + D (0%), (A.5)

at every 6 € supp F where c is differentiable.

Suppose that 6 is a continuity point of F. Note that u(f) = Ou(f,v1) +
(1 —0)u(f,vp). The fact that each type chooses its bid optimally (or, equivalently

the envelope theorem) implies that

Hd% (w(@,v1)) + (1 —96) % (u(f,v9)) = 0.

Therefore, u/(6) = u(z,v1) — u(x,v9). To see this, define u(0'|0) = Ou(d'|vy) +
(1 —0)u(0'|vg) for any 6" > . Note that u(#'|f) is maximized at §' = 6 because
type 6 could always deviate to a bid submitted by type 6’. Therefore, u'(0|0) = 0.

Alternatively, 6 is a discontinuity point of F. In this case, we will show that
u, (0) = limg/ g u(6,v1) — u(6,vy) and v’ () = limgrg u(f’,v1) — u(f', vp). Recall
that b (#) = maxsuppH (¢). In this case, the envelope theorem again implies that

=0.

_u(b(0),v1) —u(d(@),v) _u(b(0),v0) —u(b(0),v0)
olim o— ¢ +(1-9) 610 6— ¢

Therefore, u/, () = limg g u(0',v1) — u(¢',v9). The argument for v’ () is analo-
gous.
For each 6,0 € (1/2,0) we have U (Ggg+, H) = U (Gy g, H) = U (F,H) by

Claim 3. Therefore, 1é2__9§*

) Y _ u(0* (1 - Q(eae*))
+ (c(07) (0%)) q(6,6%)

_U(RH)
a(0.6%)
@) et0) = L (o)~ utory L 40D

Taking the difference of the two equations and substituting in for ¢(6, 6*) we obtain

u(0) — c(0) — (u(¢') — c(¢)) _ U(F, H) + (c(07) — u(87)

0—0 1/2 — ¢°

Since this is true for each 6 and ¢ € (1/2,0), we find that

d U H) + (c(0%) — u(87))
= () = e(0)) = g
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The fact that ¢ is convex implies that the left and right derivative of this function

exists. Therefore,

/ / U(F,H) + (c(67) — u(67))
uly (0) =, (0) + 1/2 -0 ;

U(F, H) + (c(67) — u(07))
1/2 — 0* '

Rewriting, we obtain u (6, v1) — u(0,vy) = ¢(0) + D (6*) at any 6 where c is differ-

entiable.

Claim 6. The type distribution does not have an atom at 6 € (Q, 9) if and only if
c(0) is differentiable at 6.

Proof. The function u(f,v1) — u(f, vo) is discontinuous at 6 € (6,6), or equiva-
lently, «/, (0) # ' (6) if and only if the type distribution has an atom at 6 by
Lemma 1. The claim now follows because Equation (A.5) shows that u(6,v,) —

u(0,vp) is equal to /() plus a constant. O

The convex function c is twice continuously differentiable almost everywhere by
Alexandrov’s Theorem. Therefore, the type distribution is continuous at almost
every 6 € (Q, 5) and

0
(), v5) = / (v — b(#)) GO |v:)dE .
0
Taking the derivative of Equation (A.5) with respect to 6 we find
(1= 0(6)) G(0lv1) + b(0)G(0]vo) = ¢"(0)

for almost every 6, proving the theorem.

A.4. Proof of Theorem 4. Pick a ball N (F°) C F where non-redundancy
and p-monotonicity hold. Let F' denote any binary experiment in N (F°) that
generates posteriors in {1 — ¢, ¢} with equal probability and let A := ¢/(1—¢q) < 1
denote this experiment’s likelihood ratio. Consider another binary experiment
F, € F with likelihood ratio v/X. Note that F, € N (F°).

The experiment F} ® F) generates posterior likelihood ratios (1/A, 1, \) with
probabilities (/2,1 — x,x/2), where z(A) = (1 + \)/ <1 + \/X>2 This distribu-

tion over posteriors is equivalent to the experiment (1—z(\))F°+xz(\)F and there-
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fore F1 ® F} € N(F°). Non-redundancy implies that C'(F; ® Fy) < x(A\)C(F') and
p-monotonicity implies that C(Fy®Fy) > pC(Fy). Therefore, ¢(Fy) < x(N)c(F)/p.

Similarly, if we take F, to denote the binomial experiment with likelihood ratio
A4 we find that

C(Fy) < a(VNe(B)/p < 2(NC(F)/p,

where the last inequality follows from the fact that z()\) is increasing in A\. There-
fore, C(Fy) < (z(\)/p)” C(F) and proceeding recursively we obtain C(F;) <
(z(\)/p)’ C(F) for any binary experiment F' € N(F°) and binary experiment
F; with likelihood ratio A2

We now choose a particular binary experiment F' € N(F°) with likelihood
ratio A\ sufficiently close to one such that 2z(\)/p < 1. We can indeed pick A in
this way because p > 1 by assumption, x(1) = 1/2, and z()) is continuous. Note
that F (1/2|v;) — F (1/2]vg) = A — 1. Therefore,

CAp, < C(F>§i(/z>—)/f)]1'

Taking the limit as n — oo, we find

O < O i T ppy i @)/ () p) _hm(zxu))j_a

i A2 —1 iAW/ In(1/2)In A (1/2)

However, C'A = 0 implies that information is aggregated.
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