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Summary. This paper explores sufficient conditions for a continuous stationary
Markov optimal policy and a concave value function in stochastic dynamic program-
ming problems. Also, the paper addresses conditions needed for the differentiability
of the value function. The paper uses conditions such as first order stochastic dom-
inance, second order stochastic dominance and concave stochastic dominance that
are widely applied in economics.
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1 Introduction

Economists frequently look for continuous, concave and differentiable solutions to
their models. Continuity and concavity are recurrent themes in economic theory.
Differentiability enables the use of calculus to perform comparative statics exer-
cises. The sufficient conditions needed for a continuous and differentiable solution
are well established in static models as well as dynamic programming under cer-
tainty. As in many optimization problems monotonicity and convexity assumptions
play an important role. Specifically concavity and monotonicity of the transition
function is required to prove value function concavity in deterministic dynamic pro-
gramming. Analogous sufficient conditions for stochastic dynamic programming
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are less well articulated in the literature. Difficulties in the stochastic model arise
since the definition of monotonicity and convexity for a transition probability is
unclear.

The purpose of this paper is to investigate restrictions on the transition proba-
bility of a stochastic dynamic programming problem that ensure the existence of
a continuous stationary Markov optimal policy function (“optimal policy”) and a
concave and differentiable value function. My approach is based on the concepts
of first order (“FOSD”), second order (“SOSD”) and concave (“CSD”) stochastic
dominance . I use these stochastic orders to define concavity and monotonicity for
a transition probability and using these definitions provide the desired sufficient
conditions.

Also, I analyze the implications of my concavity and monotonicity definitions
in two common applications. The first application is the deterministic dynamic pro-
gramming model where the state space is a subset of R – for example the one-sector
model of optimal growth (see Stokey, Lucas and Prescott [12]). In this case I show
my definition of concavity and monotonicity based on SOSD is exactly analogous
to an increasing and concave transition function. The second application is when
transitions have the form h (s, a, r) where r is an exogenous shock. Many eco-
nomic applications use this functional form. A prominent example is the stochastic
growth model (see[12]). In this framework I prove that my definition is weaker than
assuming that h is increasing and concave.

The economics literature on dynamic programming is extensive. Stokey, Lucas
and Prescott [12] provide an excellent and exhaustive presentation of the earlier
results. Amir [1] uses a condition related to SOSD to prove that the optimal policy
is continuous and the value function is concave in a optimal growth problem. His
results are a special case of mine. Dutta, Majumdar and Sundaram [5] examine
conditions for parametric continuity in dynamic programming. In this paper they
use FOSD monotonicity and concavity. As I show FOSD concavity is a restrictive
assumption for deterministic transitions while the use of the weaker SOSD condition
suffices. The results for the stochastic model presented in [12] are for a specific
class of problems. They assume that the state space is partitioned into endogenous
and exogenous stochastic components and the action is comprised of picking the
next periods endogenous state variable. Their set-up allows them to avoid the need
to define transition probability convexity and monotonicity.

The paper proceeds as follow: Section 2 provides the basic definitions and
results for FOSD, SOSD and CSD, Section 3 discusses two applications; Section 4
outlines the dynamic programming problem and gives sufficient conditions for a
continuous optimal policy and concave value function; finally Section 5 concludes.

2 Monotonicity and convexity of transition probabilities

In deterministic dynamic programming problems a transition function determines
next period’s state variable given the current state and choice of action. This transi-
tion function can be, for example, a production function. In many economic growth
models the production function is assumed to be “neoclassical” – i.e. concave and
monotonic. In this section I try to generalize the concept of monotonicity and
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concavity to the stochastic setting where the transition function is replaced by a
transition probability.

The transition probability, q, is a conditional probability measure on the state
space S, given S !A where A denotes the action space.1 The transition probability
maps S ! A into the set of probability measures on S. In this framework q(·|s, a)
is a probability measure on S and q(H|·, ·) is a measurable function of s and a for
any Borel subset H of S. A dynamic programming model is termed deterministic
when q(s!|s, a) = 1 if s! = h(s, a) and q(s!|s, a) = 0 otherwise. In this case
h : S ! A " S is the transition function. In deterministic dynamic programming
concavity and monotonicity of h is required to prove optimal policy continuity and
value function concavity (see [12]). In the general stochastic model monotonicity
and concavity are also required for the same result. However, it is not immediately
obvious what monotonicity or concavity means for a transition probability. I use
conditions based on FOSD, CSD or SOSD as partial orders to define concavity and
monotonicity.

Definition 1 (Stochastic Dominance).

(i) A probability measure q1 # !(S) first order stochastically dominates q2 #
!(S) (q1 FOSD q2) if

!

S W (")q1(d") $
!

S W (")q2(d") for all continuous,
bounded and increasing functions W .

(ii) Also, q1 second order stochastically dominates q2 (q1 SOSD q2) if
!

S W
(") q1 (d") $

!

S W (")q2(d") for all continuous, bounded, increasing and
concave functions W .

(iii) Finally, q1 concave stochastically dominates q2 (q1 CSD q2) if
!

S W (") q1
(d") $

!

S W (") q2 (d") for all continuous, bounded and concave functions
W .

From these definitions it is immediately obvious that if q1 FOSD q2 then q1
SOSD q2 also if q1 CSD q2 then q1 SOSD q2. This shows that SOSD is the weakest
among the three stochastic orders.

Having defined the three orders for arbitrary probability measures I can use them
to specify monotonicity and concavity for transition probabilities. The following
statement defines concavity and monotonicity for the transition probability.

Definition 2. (i) A transition probability q : S ! A " !(S) is termed FOSD
(or SOSD or CSD) increasing if q(·|s!, a) FOSD (or SOSD or CSD) q(·|s, a)
when s! $ s.

(ii) Given (s1, a1), (s2, a2) and their convex combination (s3, a3) a transition
probability q is termed FOSD (or SOSD or CSD) concave if q(·|s3, a3) FOSD
(or SOSD or CSD) # · q(·|s1, a1) + (1 % #)· q(·|s2, a2).2

This specification of concavity and monotonicity is beneficial since the implica-
tions of these notions of stochastic dominance for probability measures have sharp

1 I take A and S as convex Borel subsets of Rn with the related Borel !!algebras for a measurable
structure.

2 (s3, a3) will refer to " · (s1, a1) + (1 ! ")· (s2, a2) for the remained of this paper.
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characterizations in terms of distribution functions.3 For example q FOSD increas-
ing and concave implies that the function F (x|s, a) is decreasing in s and convex
in s and a where F (·|s, a) denotes the distribution function associated with the
transition probability. For a detailed discussion see [11].

3 Two applications

It is worthwhile discussing in greater detail the deterministic versions of the model
when the state space is a subset of R which is a widely used economic application.
The following proposition shows the implication of Definition 2 for deterministic
transition functions. It highlights the insight that FOSD and CSD may be fairly
restrictive.

Proposition 1. If the model is deterministic and S & R then

(i) the only transition function that is FOSD increasing and concave is a constant
function with h(s, a) = c ' s, a,

(ii) the transition function is SOSD increasing and concave if and only if it is
concave in s and a and increasing in s,

(iii) the transition function is CSD concave if and only if it is linear.

Proof. In the deterministic model
!

S W ($) q (d$|s, a) = W (h (s, a)) . (i) re-
quires that W (h(s, a)) be increasing in s and concave in s and a for all increasing
W . Since W can be chosen concave or convex it is possible to find an increasing
function that will make the composition non-concave for any function h that is
not constant. Assume that h(s3, a3) < h(s1, a1) and without loss of generality
h(s2, a2) ( h(s1, a1). Define continuous, increasing and bounded W as follows:

W (x) = (x % h(s3, a3)) · 1[h(s3,a3),h(s1,a1))(x) + (1)

(h(s1, a1) % h(s3, a3)) · 1[h(s1,a1),")(x)

In this case FOSD concavity is violated since W (h(s2, a2)) $ W (h(s3, a3)) and
W (h(s1, a1)) > W (h(s3, a3)). Consequently

h(s3, a3) $ max{h(s1, a1), h(s2, a2)} 's, a. (2)

However Eq. (2) can not hold strictly in the interior of S ! A hence Eq. (2) holds
with equality. This shows that h is constant on S !A. (ii) If h is concave then so is
an increasing concave transformation. For the other direction assume that there are
point such that h(s3, a3) < # · h(s1, a1) + (1 % #) · h(s2, a2). Now if we choose
W to be increasing and linear then SOSD concavity is not satisfied. (iii) requires
that W (h(s, a)) be concave in s and a for all concave W. However since W can
be chosen increasing or decreasing the composition can be made non-concave for
non-linear h. For the other direction see the proof of Proposition 2 (iii) .4 )*

3 F and G are distribution functions and s " R. F FOSD G if and only if F (x) # G (x) $x. F
SOSD G if and only if

! z
!" F (x) dx #

! z
!" F (x) dx $z and EF [s] % EG [s] . F CSD G if and

only if
! z

!" F (x) dx #
! z

!" F (x) dx $z and EF [s] = EG [s] .
4 Full proofs are available from the author on request.
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In many economic applications the next period’s state variable is taken to be a
function of the current state s, the action a and an exogenous shock r with distribu-
tion function G i.e. s! = h (s, a, r).5 Concavity and monotonicity assumptions are
then made on the function h. A prominent example is the stochastic optimal growth
where h is a production function and r can be an additive or a multiplicative shock
(see [12]). The following proposition relates assumptions on h to assumptions on
the associated transition probability.

Proposition 2. Assume that s! = h (s, a, r) where h is a Borel function and r is a
random variable.

(i) If h is increasing in s then the associated transition probability is FOSD
increasing;

(ii) if h is concave in s and a then the associated transition probability is SOSD
concave;

(iii) if h is linear in s and a then the associated transition probability is CSD
concave.

Proof. Observe that
!

S W (s!) q (s!|s, a) =
!

R
W (h (s, a, r)) dG. (i) since h is

increasing in s for all r so is W + h for increasing W. (ii) If h is concave in s and
a for all r then so is W + h for increasing and concave W. (iii) If h is linear in s
and a and W is concave then W + h is also concave in s and a. )*

Interestingly the converse to Proposition 2 (ii) is not true even when S & R. As
demonstrated in Example 1, SOSD concavity does not imply that h is concave. This
shows that the condition used in this paper is weaker than the assumption which is
usual in the economics literature. In many applications h is taken as concave and
increasing. For example in [12] the production function in the stochastic growth
model is assumed to be concave and increasing to prove value function concavity.
As I show, the weaker condition of SOSD concavity and monotonicity actually
suffices. The following provides a counter example to the converse of Proposition
2 (ii).

Example 1. Assume that h only depends on s. The state space is taken as [0, 2] and
r is a Bernoulli random variable. The function h (s, r) is defined as follows:

h (s, r) =
"

min
#

s2 + 1, 2
$

with probability 1 % p,
s + 0.1 with probability p.

(3)

In this example the transition probability is SOSD increasing and concave for large
p however the function h is not concave in s.6

Proof. SOSD increasing follows since h is increasing. Let F (x|s) denote the con-
ditional distribution function for s!.

5 For a Borel subset B of S let A (s, a) = {r : h (s, a, r) " B}. Now define q (B|s, a) =! +"
!" 1A(s,a) (r) dG (r) which is the associated transition probability.

6 This example is based on an example in [1].
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F (x|s, a) =

%

&

'

0 if x <
,

s + 0.1
p if

,
s + 0.1 ( x < min

#

s2 + 1, 2
$

1 if min
#

s2 + 1, 2
$

( x
(4)

Showing that F is SOSD concave is equivalent to showing that
! z
0 F (x|s) dx is a

convex function of s for all z for large p (see [11]). Which follows since

( z

0
F (x|s) dx =

%

&

'

0 if z <
,

s + 0.1
p

)

z %
,

s + 0.1
*

if
,

s + 0.1 ( z < min
#

s2 + 1, 2
$

z % (1 % p) min
#

s2 + 1, 2
$

% p
,

s + 0.1 otherwise
(5)

is a convex function when p is large. Observe that the function is convex for all p
except when z $ min

#

s2 + 1, 2
$

and s # [0, 1). However in this range the second
derivative is always positive for p > 0.91. )*

4 Application to dynamic programming

4.1 Dynamic programming preliminaries

The dynamic programming problem is a collection -S, A, %, &, T, q. where q is the
transition probability, S is the state space, A is the action space, % : S!A " R is the
immediate reward function, & : S " '(A) is the feasible action correspondence,
( # (0, 1) is the discount rate and T = / is the time horizon. At each point in time
the decision-maker chooses an action from the set of permitted actions, receives
a payoff %(s, a) and the system moves to a new state according to the transition
probability.

A history at time t, denoted ht, is a sequence {s0, a0, ..., st}. Ht is the set of all
possible histories at time t. A policy, ) # *, is defined as a sequence {ft} where,
ft : Ht " A is a measurable function and * is the set of all policies. A policy is
Markov if ft : S " A for all t. The sequence is termed stationary Markov if, in
addition, ft = f for all t. For each policy ), there is an associated function I! :
S " R. This function gives the total expected discounted reward from employing
policy ) given the initial state s0 i.e., I!(s0) = E![

+"
t=0 (t%(st, at)|s0]. The

decision-maker aims to choose the policy ) # *(s0) that maximizes I!(s0) where
*(s0) denotes the set of feasible policies given the initial state. The value function,
V : S " R, is defined as the supremum of the discounted reward functions,
V (s0) = sup!#"(s0) I!(s0).

In this paper I assume that S and A are convex subsets of Rn, % is continuous
and bounded, & : S " '(A) is continuous and compact valued and q(·|s, a) has
the Feller property, i.e. if (sn, an) " (s, a) then

(

S
W (")q(d"|sn, an) "

(

S
W (")q(d"|s, a) (6)
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for all continuous and bounded W . For a function W on S define the operators L
and T as follows:

LaW (s) = %(s, a) + (

(

W (")q(d"|s, a) (7)

TW (s) = sup
a##(s)

{LaW (s)} (8)

Under the assumptions mentioned above it is shown in [3], [7] and [8] that an
optimal policy exists and the continuous, bounded value function is the unique
fixed point of the operator T with V = TV . Also, the set of maximizers, F (s) =
arg maxa##(s){LaV (s)}, is an upper-hemi-continuous correspondence and any
measurable selection f from F is a stationary Markov optimal policy.

4.2 Main results

In deterministic dynamic programming if %(s, a) is strictly concave in s and a
and increasing in s, the feasible action correspondence is increasing and convex
graph and the transition function is continuous, bounded and concave then the value
function is continuous, bounded, concave and increasing and the optimal policy is
continuous (see [12]).7 The main idea when trying to generalize the result to the
stochastic case is to ensure that the operator T , as defined in Eq. (8), is monotone
and concave. The following proposition generalizes the result using Definition 2.

Theorem 1. Assume that % is strictly concave in s and a and increasing in s, and
& is increasing and convex graph. If q is SOSD increasing and concave then the
value function is a continuous, bounded, increasing and strictly concave function
of s and the optimal policy is continuous.

Proof. Let C (S) denote the set of continuous, bounded, concave and increasing
functions. From previous results we know that if W is continuous and bounded
then so is TW. Assume W # C (S) and let TW (s1) = La1W (s1), TW (s2) =
La2W (s2). Since % is concave and q SOSD concave TW (s3) $ La3W (s3) >
# · La1W (s1) + (1 % #) · La2W (s2) which shows that the operator T preserves
concavity. Also TW (s1) $ La2W (s1) $ La2W (s2) = TW (s2) if s1 $ s2 since
% is increasing and q is SOSD increasing which shows that the operator T preserves
monotonicity. C (S) is a Banach space, T : C(S) " C(S) is a contraction and
the value function satisfies TV = V . Hence the value function is the unique fixed
point of T and an element of C(S). However since %is strictly concave so is V .
Since LaV # C(S) and strictly concave then by Berge’s Maximum Theorem
F (s) = arg maxa##(s) LaW (s) is a continuous function. )*

Corollary 1. Under the assumptions of Theorem 1 if q is FOSD increasing and
concave then the value function is continuous, bounded, increasing and strictly
concave.

7 # is increasing if s# % s implies #(s#) & #(s) and # is convex graph if graph(#) = {(s, a) "
S ' A|a " #(s)} is a convex set.
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Proof. q FOSD increasing and concave implies that q is SOSD increasing and
concave. )*

As I stated earlier SOSD increasing and concave is equivalent to an increasing
and concave transition function in the deterministic model. Consequently Theorem
1 can be viewed as an exact analog to the deterministic result. The corollary shows
that concavity and monotonicity based on the FOSD used in [5] implies the much
weaker SOSD condition.

Theorem 2. Assume that % is strictly concave in s and a, and & is convex graph.
If q is CSD concave then the value function is a continuous, bounded and strictly
concave function of s and the optimal policy is continuous.

Proof. Let B (S) denote the set of continuous, bounded and concave functions.
Assume W # B (S) and let TW (s1) = La1W (s1), TW (s2) = La2W (s2). Since
% is concave and q CSD concave TW (s3) $ La3W (s3) > # · La1W (s1) + (1 %
#) · La2W (s2) which shows that the operator T preserves concavity. The rest is
identical to the proof of Theorem 1. )*

Theorem 2 is an improvement on Theorem 1 since we can dispense with the
monotonicity assumptions. However this comes at a cost: we have to impose a more
stringent (CSD) concavity requirement on q. As I showed earlier the CSD concavity
assumption is essentially a linearity requirement on the transition function.

Value function concavity and differentiability are closely linked. Results con-
cerning the differentiability of a concave value function were first presented in [2].
Under the assumptions in Theorem 1 (a) or (b) it is straight forward to give suf-
ficient conditions for a differentiable value function. For example if both A and S
are compact subsets of Rn and & is a constant correspondence with & (s, a) = A
for all s and a then the result in [2] implies that the value function is continuously
differentiable on S.

5 Conclusion

In this paper I defined monotonicity and concavity for a transition probability using
some well-known stochastic orders and applied these definitions to dynamic pro-
gramming. I proved the existence of a continuous optimal policy and a concave and
differentiable value function using these definitions. I also outlined the implication
of my definitions of concavity in the deterministic univariate case and when the
transition function takes the form h (s, a, r). I proved that SOSD concavity and
monotonicity is weaker than assuming that h is increasing and concave and exactly
analogous to an increasing and concave deterministic transition function.
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